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The present thesis is concerned with the modelling of the motion of the Three-
Piece-Freight-Truck. Although the Three-Piece-Freight-Truck is very simple in its
construction, the mathematical model is not simple at all. The model is deﬁnitely
nonlinear resulting from the nonlinear kinematic and dynamical contact relations
between wheels and rails, the nonlinear suspensions and the nonlinear dry friction
damping. For low speeds of the truck the kinematic and dynamical nonlinearities
might be linearized, but the very strongly nonlinear suspensions and the dry friction
damping can not be linearized at all. The motion of the bolsters are at least two
dimensional in the lateral and the vertical directions, so the friction on the surfaces
of a wedge should be treated as two-dimensional dry friction, and the same is true for
the dry friction on the surfaces of an adapter. For the motion with dry friction there
exist two motion states: stick motion and slip motion, which leads to a discontinuity
in the behaviour of the dynamical system and leads to a collapse of the state space,
and consequently, change the degrees of freedom of the system repeatedly.
Due to the design clearances between the car body and the side supports on the
bolsters the side supports must be modelled as nonlinear dead-band springs. The
clearances in the assembly in the wedge damper systems give rise to a relative yaw
motion of the bolster with respect to the side frame and a rotation around the truck
center line and cause a warping. In addition the assembly clearances between the side
frame and the adapter both in longitudinal and lateral directions produce another
dead-band spring force.
The tractive eﬀort on the car body in the longitudinal direction may be left out
of consideration in the modelling of the passenger car, but the normal forces caused
by it on the surfaces of the wedges will consequently produce friction forces in the
Three-Piece-Freight Truck and should be considered. Therefore, the friction forces
on the surfaces of wedges are asymmetrical for one pair of wedges as they should be.
The thesis is divided into 10 chapters. In the chapter 1, the research state-of-the
art of the dynamics of the Three-Piece-Freight-Truck is reviewed. The framework of
the model is introduced. Chapter 2 describes the concept of the friction direction
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angle with which the stick-slip motion with two-dimensional dry friction can be
numerically simulated. Its applications are illustrated in two simple systems. One is
an oscillator with a Coulomb dry friction damper in chapter 2 and the other one is
the wedge damper in chapter 3.
In the mechanical system it is possible that the degrees of freedom will vary with
the diﬀerent friction states. We give a detailed discussion of this type of structure
varying systems in chapter 4.
For the performances of the vehicle on the track, the contact between a wheel and
a rail plays a key role, where there are two types of contacts: One is kinematic and the
other is dynamical. For the kinematic contact relation we trace the contact point of
the wheel on its possible trajectory and the on-line evaluation of the kinematic contact
parameters is introduced. The elastic contact assumption is used to determine the
normal loads in the contact patch and then a fully nonlinear contact theory is used
to obtain the creep forces. They are discussed in chapter 5.
The conﬁguration of the Three-Piece-Freight-Truck and the corresponding posi-
tions of the elements, the velocities and some relations among the elements of the
system will be described in chapter 6.
In chapter 7 the dynamic equations of the system are derived. Chapter 8 provides
the numerical methods for the simulation of the system, the discussion focuses on
the diﬀerential algebraic equations(DAEs) with discontinuous characteristics caused
by the two-dimensional friction. In chapter 9 the numerical investigation is provided.
The four general irregularities in tangent track are usually described in the form of a
power spectrum density(PSD). We transform the PSD into the corresponding series
in the time domain and then use the time series as excitations for the dynamical
performances of the system. The linear critical speed and nonlinear critical speed
and even the chaotic motion of the Three-Piece-Freight-Truck are discussed. Finally
in chapter 10 certain conclusions are drawn, and some projects for further research
are indicated.
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C h a p t e r 1
Introduction
The three-piece-freight-truck has been running for about sixty years on the tracks of
North America, South Africa, Australia, China and other countries. Without doubt,
the signiﬁcant advantages of the trucks are due to the very simple construction, safe
and reliable operation, low price and maintenance costs, long service life and low
energy consumption. Although a new radial truck has been developed for the freight
vehicles and other types used in Europe, the family of three-piece-freight trucks still
shares larger market in the world. That is not to say this type of railway vehicles
has no disadvantages, on the contrary, its lower critical speed of the empty car on
straight track, the high dynamic track loads, the performance depends on the weather
condition and their state of contamination(dirt, oil) and the last but not the least
the state of wear inﬂuences its dynamical performances.
The one obvious structural characteristic is that almost all contacting surfaces
among the elements are direct contacts shown in Figure 1.1, in other words, the
interconnections between the components are realized through motion pairs such as
sphere joints and slide pairs. Comparing with the counterpart of a passenger car,
the motion pairs are replaced by suspension elements and hydraulic or air dampers,
such that the stability of the passenger car is improved greatly.
Additionally, while negotiating a curved track, the three-piece-freight-truck is
loose enough to warp. The reason is that on the ends of the bolster simply sandwich
the side frames via a pair of wedges with the unavoidable dimensional tolerance
coming from manufacturing and the clearance in the assembly.
And more, if the vertical response of a bolster is large enough to separate the
wedges then the friction damping will lose its function. In contrast if the relative
velocity between the bolster and wedges goes toward zero then the stick motion will
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consequently take place, which will cause unusual track loads.
Unfortunately, up to now, the dynamic performances of the three-piece-freight-
truck have not been thoroughly understood by the dynamical experts. The main
reason is that the simple construction leads to a not so simple mathematical model!
The model is deﬁnitely nonlinear resulting from the nonlinear kinematic and
dynamical constraints between the wheels and the rails, the nonlinear suspensions
and the nonlinear dry friction damping. For low running speed of the truck the
nonlinearities of the kinematic and dynamical constraints could be linearized, but the
very strong nonlinear suspensions and the dry friction damping can not be linearized
at all. The motion of the bolsters are at least two dimensional in the lateral and the
vertical directions, so the friction on the surfaces of a wedge should be treated as
two-dimensional dry friction, and the same holds for the dry friction on the surfaces
of an adapter. For the motion with dry friction there exist two motion states: Stick
motion and slip motion, which lead to a discontinuity in the dynamical system and
cause the collapse of state space. Consequently, it changes the degrees of freedom
of the system. Because the design clearances between the car body and the side
Figure 1.1: The construction of the three-piece-freight-truck.
supports on the bolsters are necessary such that leads to the side supports acting
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as dead-band springs. The clearance in the assembly of the wedge damper systems
cause the relative yaw motion of the bolster with respect to the side frame to rotate
about the truck center line and to assume a state of warping. Also the assembly
clearances between the side frame and the adapter both in longitudinal and lateral
directions produce another dead-band spring force.
The tractive eﬀort on the car body in the longitudinal direction may be left out of
consideration in the modelling of the passenger train, but the normal forces caused by
it on the surfaces of the wedges will consequently produce friction forces in the three-
piece-freight truck and the normal forces should therefore be considered. Therefore,
the friction forces on the surfaces of wedges are asymmetrical for one pair of wedges
as they should be.
1.1 The review of the state of the arts of research
1.1.1 Two-dimensional dry friction
The story of the friction has a long history as it has been a topic of technological
attention for a long time, and it is still a hot topic in scientiﬁc and engineering
research today. Friction can easily been found in our daily life as well as in various
engineering applications. In railway engineering nothing can be done without friction,
because the friction between the wheels and the rails provides the traction force, and
the friction on the wedge dampers provides the damping force to damp out the
vibrations. It poses great challenges to researchers in the dynamic performance of
the three-piece-freight-truck. First of all, friction is diﬃcult to model, because the
underlying mechanism is not entirely understood. Additionally, friction models are
usually discontinuous, especially for the two or higher dimensional relative motion
with friction. The theory used in most of the dynamical systems for smooth systems
is not directly suitable to the systems with friction. Thus, the topic of the wedge
dampers with friction is the current focus of several researchers in the world today.
In order to simulate the motion of a friction oscillator with a two-dimensional dry
friction constraint, there are two unavoidable matters we must deal with. One is the
hysteresis induced by the dry friction coeﬃcients of static and kinetic friction and
the other is the discontinuity induced by the stick-slip motion. It is not diﬃcult to
determine the components of the kinetic friction force vector and the static friction
force vector individually, but no widely accepted way to treat the stick-slip motion
exists, especially not for complicated mechanical systems. C-H Meng et al.[Meng,
1991] use a massless friction damper with two linear springs of ﬁnite stiﬀness to obtain
the components of the friction force vector. However, when the stick-slip motion takes
place the formulation was not provided rigorously. The method provided in their
paper is not convenient for handling the two-dimensional dry friction in complicated
mechanical systems.
For some special cases, the excitations are sinusoidal with the same frequency and
with diﬀerent amplitudes or phases and the orbits of responses will be reduced to
straight line segments or to circular or elliptic shapes. In these cases the harmonic-
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balance method is widely used to give an analytical approximate solution[Meng,
1991][Saw,1986][Sanlitark,1996][Yang,1998,2000]. However, for complicated excita-
tions, e.g. sinusoidal excitations with diﬀerent frequencies in two orthogonal di-
rections or even time series, the orbit of the response will become a complex self-
intersecting planar curve, and in this case the harmonic-balance method fails.
For dynamic systems with dry friction, Den Hartog[Den Hartog, 1931] presented
a closed-form solution as early as in 1931 for the steady state zero-stop response of
a harmonically excited oscillator with Coulomb friction. Since then one-stop, two-
stops and multiple-stops per cycle have been reported[Hong,2000]. Responses with
bifurcations and chaos have also been found in many ﬁelds[Feen,1992,1996], but most
of the research eﬀorts have focused on one-dimensional dry friction models, which
means that the motion is along a straight line.
Recently, W. Sextro[Sextro,2002] provided a three-dimensional point contact ele-
ment to treat the elastic contact with dry friction. The theory and methods can be
used to the sliding contact and as well as the rolling contact. But it can not treat
the stick-slip motion.
1.1.2 The stick-slip motion
The stick-slip motion is a phenomenon occurring in the systems with dry friction. It
is important for us to understand the complete motion of the mechanical systems.
Examples of the stick-slip motion of frictional systems include robot joints, brak-
ing systems, automotive squeak, rail-wheel contacts, micromechanics, machine-tool
processes, earth-quake faults, space structures, turbine blades and wedge dampers.
Please refer to a detailed description in the paper by Ibrahim [Ibrahim,1992]. From
the point of view of vehicle systems dynamics, stick-slip motion may be one reason
that causes unusual track loads. During a stick, there is a collapse in the dimension of
the state space[Shaw,1986][Eich-Soellner,1998], which can be visualized in the state
space by imaging that one of the states, the velocity, is directly constrained during
stick. For a one forced one-degree-of-freedom oscillation, this produces an underlying
one-map[Shaw, 1986][Feeny, 1992][Popp, 1992]. The slip state is the one where the
relative velocity is diﬀerent from zero.
The description of the stick-slip motion of the system with two-dimensional fric-
tion will be more diﬃcult. For one, both the input forces on the system are needed to
be known statically and kinematically and the components of the friction force vector
in the orthogonal directions must be completely determined. Only then the stick or
slip state can be distinguished. Additionally, the switch conditions for the collapse of
the state space become complicated, especially, if one body has more than one surface
in contact with others. The dynamics of railway vehicles with two-dimensional dry
friction and stick-slip action at the surface elements in contact has not been reported
before.
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1.1.3 The friction coeﬃcient
The friction coeﬃcient plays a signiﬁcant role for the motion of a system with fric-
tion. According to the characteristics of its application here we distinguish between
four types.
• Coulomb law :
The static and kinematic friction coeﬃcients are the same constant, i.e.
µ(Vr) = µ (1.1)
where Vr denotes the relative velocity. This simplest model has been used by many
investigators for providing a variety of steady-state responses, including periodic,
quasi-periodic, and even chaotic responses [Feen, 1992, 1993,1994] [Saw, 1986].
• Static-dynamic friction model :
The static and kinetic friction coeﬃcients are diﬀerent constants, but the static
friction coeﬃcient is always larger than that of the kinetic friction coeﬃcient, i.e.
µ(Vr) =
{
µk, Vr 6= 0,
µs, Vr = 0.
(1.2)
where µs denotes the static friction coeﬃcient and µk stands for the kinetic friction
coeﬃcient[Popp, 1992, 1996].
• Relative velocity-dependent friction model :
The friction coeﬃcient varies with the relative velocity. There are two ways to
describe the friction model. One is to let the static friction coeﬃcient be constant and
only the kinetic friction coeﬃcient changes with the relative velocity[Popp,1992,1996]
µ(Vr) =
µs
1 + c1|Vr| + c2 + c3V
2
r (1.3)
where c1, c2, c3 are constant parameters. The values of them provided by Pop [Pop,
1996] are 1.42, 0.1 and 0.01 respectively. The kinetic friction coeﬃcient will be larger
than the static friction coeﬃcient for a certain large relative velocity.
The formula provided by Poire´ and Bochet is [Kragelski,1971][Periard,1998]
µ(Vr) = µs
1
1 + 0.03|Vr| . (1.4)
and by Galton reads
µ(Vr) = µs
1 + 0.018|Vr|
1 + 0.097|Vr| . (1.5)
where the static friction coeﬃcient is always larger than the kinetic friction coeﬃcient.
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In order to use one formula to replace all the laws above in this thesis[True 1999-
2002] [Xia, 2001a] we provide an approximate relation using the hyperbolic secant
function to describe the velocity-dependent friction coeﬃcient as
µ(Vr) = µssech(α|Vr|) + µk(1− sech(α|Vr|)). (1.6)
By the selection of diﬀerent values of the parameter α the formula yields diﬀerent
steepness of the continuous curve that describes the change from the static to the
kinematic friction coeﬃcient.
• Anisotropic friction model :
The above three types of friction models are all isotropic friction models since
the value of the friction coeﬃcient is the same in any motion direction. In other
words, the friction force vector is always opposite the relative velocity. For the
anisotropic friction model the friction coeﬃcient can be represented by a friction
coeﬃcient tensor[Zmitrowicz, 1981a,b] and the friction force vector is along the line
that deﬂects a certain angle from the line of the relative velocity.
1.1.4 The wedge dampers
In 1935, Standard Car Truck Company introduced friction damping to the freight car
truck. Since then the freight trucks of the 1940's generally had the column friction
wedge similar to designs popular today. The friction wedge is used in all three-piece-
freight-trucks such as the conventional three-piece-freight-truck, the three-piece self-
steering truck and the Y25 truck, to provide vertical and lateral damping in the
secondary suspension, as well as lozenging stiﬀness between the side frame and the
bolster[Fro¨hling, 1996, 1997, 1998].
The friction surfaces of the wedge are able to move relatively to one another in
two orthogonal directions, that is laterally and vertically. Therefore the dynamic
behaviors in both directions have to be taken into account when modelling the stick-
slip motion. Some measurements and theoretical investigations were done by R.D.
Fro¨hling [Fro¨hling, 1996, 1997, 2000], C. Cole[Colin,2001] and N. Bosso[Bosso et al.,
2000]. The hysteresis-loops of the forces vs the deﬂections were provided. But the
dynamical results for simultaneously excitations in both vertical and lateral directions
are not provided. Furthermore the eﬀect of the friction between the side frame and
adapter was neglected in their models.
Up to now, few reports on the response of wedge dampers with two-dimensional
dry friction have been published [Fro¨hling, 1996, 1997, 2000][True,1999]. In order to
understand the dynamical performances of the wedge dampers, we should ﬁrst under-
stand the responses of a two-dimensional dry friction oscillator and implement a basic
numerical method. The non-linear discontinuous dynamic system with complicate
excitations along orthogonal directions, is so complicated that analytical solutions to
the problem can not be found, so we must use a numerical method.
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1.1.5 Variable degrees of freedom system
We know that the stick-slip motion will cause a collapse of the state space, in other
words, the degrees of the freedom of the system will vary with time. That brings
at least two troubles for the modelling of the system. One is the discontinuity that
will violate the continuous assumption of the existing numerical integral algorithms.
The other is that if you neglect the fact of the discontinuity caused by the stick
motion the time steps in the integration procedure will become very small and the
problem behaves like a stiﬀ one. For treating this problem there is no simple way
except ﬁnding all the switch conditions[Eich-Soellner, 1998]and the corresponding
acting friction forces and making the system piece-wise diﬀerentiable.
1.1.6 The dynamics of railway vehicles
The dynamics of the railway vehicle systems are closely related to the topic of stabil-
ity. Stability of running of vehicles is one of the important design criteria of railway
vehicles. As early as 1883 Klingel[Klingel,1883] analyzed the hunting motion of a
single wheelset on a straight track by a purely kinematical method. The wavelength






where r denotes the rolling radius, b is half the wheel distance and λ is the conicity.
For a loaded wheelset a purely kinematic motion is no longer possible. The theory
of rolling contact mechanics in needed to investigate the stability. Carter[Carter,
1915] provided a model of a two-axled bogie including the tangential forces with a
qualitatively correct linear law to calculate the creep forces. The wavelength of the









where aw denotes half the axle distance in the bogie.
The main result of Carter is that a two-axled bogie with rigid suspension in
longitudinal and horizontal directions and with a rigid frame never runs stably.
The main contribution of Matsudaira[Matsu, 1952] in this ﬁeld was his distinc-
tion between forced vibrations and self-excited vibrations a ﬁrst in railway vehicle
dynamics; and he also introduced the concept of the primary hunting motion and
the secondary hunting motion. The primary hunting motion occurred at lower vehi-
cle speeds and was connected with large lateral car body motions. The secondary
hunting motion occurred for high vehicle speeds and the wheelset motion was more
dominating.
Wickens[Wickens,1965] derived a reﬁned model of a two-axled bogie including the
eﬀect of the gravitational stiﬀness, which is important for worn proﬁles, and damping.
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The results showed that it is possible to choose parameters in such a way that car
body instability can be avoided.
However, the above stability is a linear stability. The linear stability theory of
railway vehicles is more often than not yields a too high critical speed of the vehicle
bogie. From the beginning of the 1960's much research eﬀort has been invested in the
nonlinear stability of the vehicles. De Pater[De Pater,1961] was probably the ﬁrst
one who introduced the method of Krylow and Bogoljubov into the investigation of
nonlinear hunting motions. The quasi-linearization technique with sinusoidal input
introduced by Cooperider, Hedrick, Law and Malstrom[Cooperrider,1975] is roughly
the same as the harmonic balance method or the method of Krylow and Bogoljubov.
Their results can not explain the existence of the nonlinear periodic limit cycle.
Still the nonlinear periodic limit cycle analysis is not suﬃcient to describe the
behaviors of railway vehicles and bogies. One reason is that it cannot be proved that
the periodic oscillation always exists. The ﬁrst bifurcation analysis of the free running
wheelset was performed by Huilgol [Huilgol,1978] and revealed a Hopf bifurcation
from the steady state. The ﬁrst observation of chaotic oscillations in models of
railway vehicles was by Hans True and Kaas Petersen[Hans True,1983][Kaas,1986].
Further work demonstrating chaotic motion of railway wheelsets and vehicles include
Hans True[True, 1993,1999,2001] and his colleagues, Meijaard and De Pater[Meijaard
and De Pater 1989]. For further references the reader is refered to the paper presented
by Knothe[Knothe, 1999].
The nonlinear stability of the motions of railway wagons was investigated by
Pascal[Pascal,1993]. The eﬀect of the rolling contact between the wheels and the
rails was emphasized, but the eﬀect of the friction damping in the model is not
described. It is true that the forces between the wheels and the rails play a signiﬁcant
role for the motion of the vehicle systems. However, in the complete and strongly
nonlinear system, the response of the vehicle is not a simple sum of the eﬀects of
the subsystems. It is therefore very diﬃcult to relate a special kind of behavior to a
special subsystem.
Hans True[True, 2002] has derived a strongly simpliﬁed model to investigate the
dynamic performance of a freight bogie with dry friction and found that chaotic
motion occurs in that model. The model considers only one dimensional dry friction
but the stick motion is included.
1.2 The problem to be investigated in the present
thesis
The main objective of the thesis is focussed on the understanding of the dynamical
performance of the three-piece-freight-truck including the following features:
• The mass of the wedges is included.
• Both the lateral and the vertical motions of the bolster are included.
• The two-dimensional friction on the surfaces of the wedges and the surfaces of the
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adapters is included.
• The eﬀect of the tractive eﬀort on the action of the wedge dampers is included.
• A velocity-dependent friction function is introduced.
• The three-dimensional kinematic constraint between a wheel and a rail is used.
• The full nonlinear dynamical constraints between the wheel and the rail are used.
• The structure varying systems caused by stick-slip motion are discussed in detail.
• The linear critical speeds and the nonlinear critical speed are calculated and even
chaotic motion are investigated.
• A description of how the Power Spectral Density(PSD) is transformed into a time
series.
• The dynamical responses of the three-piece-freight-truck to an irregular track are
simulated.
We start with the fundamental topics such as the two-dimensional dry friction,
stick-slip motion, structure varying systems, separated-coupled motion and the con-
tact between a wheel and a rail. Through the investigation of these basic models
we can better relate the dynamical phenomena to the corresponding problems in
the three-piece-freight-truck. Finally we combine the basic models into the complete
three-piece-freight-truck model with the kinematic and dynamical contact relations
between the wheels and the rails.
In the thesis, a reﬁned model of the three-piece-freight-truck is provided. It
incorporates the mass of the wedges, the two-dimensional dry friction, the velocity-
dependent friction coeﬃcient, the stick-slip motion, the dead-band springs, the anti-
warp stiﬀness, the eﬀect of the tractive eﬀort, the on-line evaluation of the kinematic
contact parameters and the elastic dynamical contact relations between the wheelsets
and the rails. Moreover, the applied numerical methods are discussed.
1.2.1 Two-dimensional dry friction
To describe a friction force vector on a plane, the modulus and the argument of
the force should be known. Instead of the harmonic balance method used by most
investigators[Cheng,1995][Saw,1986], we provide a numerical approach to describe
the system with two-dimensional dry friction. The concept of the friction direction
angle is introduced to determine the orthogonal components of the static and kinetic
friction force vector. The friction direction angle is determined by either relative
velocities or input forces. With this method the switch conditions for stick state, slip
state and stick-slip state can be easily derived.
In the case of anisotropic friction the friction direction angle can be used to deter-
mine the equivalent friction coeﬃcient and the deﬂection friction angle[Zmitrowcz,
1981a,b].
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1.2.2 The coupling-separation motion of the wedge damper
system
When the three-piece-freight-truck runs on the track, the excitations on the bolster
in vertical direction may be so large, that the bolster will separate from the wedge
and perform a free vibration only restrained by the coil springs in the suspension.
When separation takes place and if the displacement of the bolster in the vertical
direction is smaller than its initial value, then a friction force exists on the surface of
the wedge contacting the side frame because the displacement along the longitudinal
direction diﬀers from zero. During the separated motion if the displacement of the
wedge in the vertical direction is larger than its initial value, then a free vibration of
the wedge will occur. The bolster will perform a forced vibration without any friction
damping. The detailed discussion will be focussed on the wedge dampers model.
1.2.3 The discontinuity with stick-slip motion
If the dynamic systems include the dry friction, structure varying systems, impact
phenomena and hysteresis then the right-hand sides of the diﬀerential equations
express the discontinuities of the forces, the jumps in the velocities and the number
of the changing degrees of freedom. The discontinuity of the system might cause
wrong error estimates and erroneous choice of step sizes in the numerical integration
algorithm. In the model of the three-piece-freight-truck the discontinuities of the dry
friction, impact and the hysteresis will appear.
Standard integration methods for treating the discontinuity may lead to an ineﬃ-
cient behavior or even to a failure of the integration caused by an order reduction of
the method and wrong error estimates[Eich, 1998]. The way to handle the problem is
to extend integration methods to be able to localize the roots of the so-called switch-
ing functions in order to permit a re-initialization at the points of discontinuity. Since
the complete three-piece-freight-truck is a very complex system we will ﬁrst discuss
the dynamics of sub-systems of the three-piece-freight-truck and then combine them
into the complete system.
1.2.4 The variable degrees of freedom system
The structure varying systems in the three-piece-freight-truck can be found in the
sub-systems of the bolster-wedge-frames and the bolster-frame-wheelsets. In this the-
sis we will discuss the switch conditions and the corresponding acting friction forces
and the transformation of the discontinuous system into a piece-wise diﬀerentiable
system.
In Figure 1.2 we show the system of the bolster-wedges-frames. When the relative
velocities Vrbf1 = Vb − Vf1 = 0 and Vrbf2 = Vb − Vf2 = 0 at same time with Vb 6= 0
then the bolster and the two side frames will have the same lateral velocity and move
as one body. It means that the degrees of freedom of the system is reduced by 1. How
about the friction forces on the surfaces between the bolster and side frames in the
lateral and vertical directions? They are deﬁnitely not zero unless all the input forces
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Figure 1.3: The structure varying system of the bolster-frame-wheelsets.
sub-system of the bolster-frame-wheelsets. The problem is: How can we determine
12 Introduction
the friction forces on the contact surfaces between the frame and the wheelsets both
in the longitudinal and lateral directions in the stick motion with non-zero input
forces? In this thesis we will answer these questions.
1.2.5 The interaction between a wheel and a rail
For the kinematic constraints between a wheelset and rails a two dimensional model
to calculate the kinematical constraint parameters is widely used. In that way the
kinematic constraint parameters only depend on the lateral displacement and the
eﬀect of the yaw of the wheelset is neglected. In the present thesis we use a three
dimensional contact model to determine the kinematic constraint parameters in two
ways: One way is the geometrical method by means of the trajectory of the wheel
tread and the other one is the analytical method through solving of a set of nonlinear
algebraic equations. We furthermore extend the evaluation of the three dimensional
contact parameters to include the determination of the dimension of the contact
patch and the penetration between the wheel and rail.
For the dynamical constraints we use the quasi-elastic method to determine the
normal loads and the full nonlinear formulations to calculate the tangential contact
forces including table-looking[Xia, 1996][Kalker, 1996], SHE theory[Shen, 1983] and
Polach's method[Polach, 1999].
1.2.6 Stability of the three-piece-freight truck
The only limitation of the model to perform the nonlinear analysis is the computation
eﬃciency. Especially for the investigation of the critical speed, the veriﬁcation of the
chaotic motion by checking up the Poincar´e map or the ﬁrst return map, or the
calculation of Lyapunov exponents is very time consuming.
1.2.7 The responses of the three-piece-freight-truck to the ir-
regular tracks
An interesting objective is to ﬁnd the responses of the complete freight vehicle under
various excitations. We calculate the hysteresis loops of the normal forces on the
surfaces of the wedges, and the friction forces on the surfaces of the wedges in lateral
and vertical direction.
We use the power spectral density(PSD) provided by FRA(Federal Railroad Ad-
ministration) to describe the irregularities of the track (class 1 to 6). Because of the
strong nonlinearity of the system, the PSD can not be directly used as an excitation.
We use the inverse Fourier transformation to transform the PSD into a corresponding
time series and then use them as the excitations to obtain the ﬁnal responses.
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1.3 The outline of the thesis
The thesis is divided into 10 chapters. In the chapter 1, the state-of-the art of
the research of the dynamics of the Three-Piece-Freight-Truck is reviewed. The
framework of the model is introduced. Chapter 2 describes the concept of the friction
direction angle with which the stick-slip motion with two-dimensional dry friction
can be numerically simulated. Its applications are illustrated in two simple systems.
One is an oscillator with a Coulomb dry friction damper in chapter 2 and the other
one is the wedge damper in chapter 3.
In the mechanical system it is possible that the degrees of freedom will vary with
the diﬀerent friction states. We give a detailed discussion of this type of systems in
chapter 4.
For the performances of the vehicle on the track, the contact between a wheel
and a rail play a key role, where there are two types of contacts: One is kinematic
and the other is dynamical. For the kinematic contact relation we trace the contact
point of the wheel on its possible contact trajectory and the on-line evaluation of
the kinematic contact parameters is introduced. The elastic contact assumption is
used to determine the normal loads in the contact patch and then a fully nonlinear
contact theory is used to obtain the creep forces. They are discussed in chapter 5.
The conﬁguration of the Three-Piece-Freight-Truck and the corresponding posi-
tions of the elements, the velocities and some relations among the elements of the
system will be described in chapter 6.
In chapter 7 the dynamic equations of the system are derived. Chapter 8 provides
the numerical methods for the simulation of the system, the discussion focuses on
the diﬀerential algebraic equations(DAEs) with discontinuous characteristics caused
by the two-dimensional friction. In chapter 9 the numerical investigation is provided.
The four general irregularities in a tangent track are usually described in the form of a
power spectrum density(PSD). We transform the PSD into the corresponding series
in the time domain and then use the time series as excitations for the dynamical
performances of the system. The linear critical speed and nonlinear critical speed
and even the chaotic motion of the Three-Piece-Freight-Truck are discussed. Finally
in chapter 10 certain conclusions are drawn, and some projects for further research
are indicated.
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C h a p t e r 2
Mechanical systems with
two-dimensional dry friction
In this chapter we provide a mechanical model for investigating the stick-slip mo-
tion of a two-dimensional oscillator with dry friction exposed to excitations of any
arbitrary shape. In contrast to the harmonic balance method used by most investi-
gators[Meng, 1991][Sanliturk, 1996], we provide a numerical approach to investigate
the system. The concept of a friction direction angle[Xia,2002] is introduced to deter-
mine the components of the static and kinetic friction force vectors and the hyperbolic
secant function is introduced to deal with the transition of the friction force from
static to kinetic state. The friction direction angle is determined by either relative
velocities or input forces. With this method the switch conditions for stick state, slip
state and stick-slip state can be easily derived. The orbits of the responses, which
are straight line segments, circular or elliptic are obtained. In the general case, the
orbit of the response is a complex planar curve. Zero-stop, two-stops and more than
two-stops per cycle are also found.
One can also ﬁnd other ways, a way is described in chapter 10 for example, to
deal with the one oscillator with dry friction with one and two-dimensions. But as
we will see in the next chapter and chapter 4 the friction direction angle will play
a decisive role in a complex structure varying system. The concept is also useful in
anisotropic friction.
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2.1 Introduction
In order to simulate the motion of a friction oscillator with two-dimensional dry
friction constraint, there are two unavoidable matters we must deal with. One is the
hysteresis induced by the dry friction coeﬃcients of static and kinetic friction and
the other is the discontinuity induced by the stick-slip motion. It is not diﬃcult to
determine the components of the kinetic friction force vector and the static friction
force vector individually, but no widely accepted way to treat the stick-slip motion
exists, especially not for complicated mechanical systems. C-H Meng et al.[Meng,
1991] use a massless friction damper with two linear springs of ﬁnite stiﬀness to obtain
the components of the friction force vector. However, when the stick-slip motion takes
place the formulation was not provided rigorously. The method provided in their
paper is not convenient for handling the two-dimensional dry friction in complicated
mechanical systems.
For some special cases, the excitations are sinusoidal with the same frequency
and with diﬀerent amplitudes or phases and the orbits of responses will be reduced
to straight line segments or to circular or elliptic shaps. In these cases the harmonic-
balance method is widely used to give an analytical approximate solution[Meng,
1991][Sanliturk, 1996][Yang, 1998a,b,2000]. However, for complicated excitations,
e.g. sinusoidal excitations with diﬀerent frequencies in two orthogonal directions or
even time series, the orbit of the response will become a complex self-intersecting
planar curve, and in this case the harmonic-balance method fails.
For dynamic systems with dry friction, Den Hartog[Den Hartog, 1931] presented
a closed-form solution as early as in 1931 for the steady state zero-stop response
of a harmonically excited oscillator with Coulomb friction. Since then one-stop,
two-stops and multiple-stops per cycle have been reported[Hong, 2000]. Responses
with bifurcations and chaos have also been found in many ﬁelds[Saw, 1986][Feen,
1992][Popp, 1996][True, 1999], but most of the research eﬀorts have focused on one-
dimensional dry friction models, which means that the motion is along a straight
line.
The two-dimensional Coulomb friction oscillator has wide applications in the
ﬁelds of the freight-bogies on railways, turbo-machinery, earth quake theory and
robot-walking mechanisms. Here we mainly shall turn our attention towards applica-
tions to the so-called wedge dampers in the three-piece-freight-bogie and dry friction
dampers in the bogie Y25. In both cases they are used to dissipate the vibration en-
ergy produced by the interaction between wheels and rails[Gardner, 1997][Fro¨hling,
1998][Evans, 1998]. Up to now, only a few reports on the response of wedge dampers
with two-dimensional dry friction have been published. In order to understand the
dynamical performances of the wedge damper, which basically is a two-dimensional
dry friction oscillator, we should ﬁrst understand the responses of a two-dimensional
dry friction oscillator and implement a basic numerical method. For the non-linear
discontinuous dynamic systems with complex excitations in orthogonal directions, an
analytical solution cannot be found, so we must use numerical methods.
























                                                                    
                                                                    
                                                                    
                                                                    
                                                                    
                                                                    
                                                                    
                                                                    
                                                                    
                                                                    
                                                                    
                                                                    
                                                                    
                                                                    
                                                                    
                                                                    
                                                                    
                                                                    
                                                                    
                                                                    
                                                                    
                                                                    













Figure 2.1: A two-dimensional friction oscillator
2.2 Description of a two dimensional friction oscil-
lator
Consider the two-dimensional friction oscillator shown in Figure 1. The mass m is in
contact with a plane surface and it is connected to ﬁxed walls by two linear springs
and two linear viscous dampers along the x and y directions respectively. Newton's
second law applies, and the equations of motion of the system can easily be written
as
mx¨+ cxx˙+ kxx+ Fxµ = Fx (2.1)
my¨ + cy y˙ + kyy + Fyµ = Fy; (2.2)
where the components of the friction forces Fxµ and Fyµ must satisfy the relation
Fµ =
√
F 2xµ + F 2yµ ≤ µN. (2.3)
N is the normal force on the mass, which in general is a state-dependent variable,
for the sake of simplicity we assume that it is constant. µ is the friction coeﬃcient,
which has two states: A static coeﬃcient of friction µs, and a kinetic coeﬃcient of
friction µk. We can therefore write the friction force as Fµ = −Nf(V ), where f(V )
is determined by the relation[Feen, 1992]
f(V ) =
 µk if V > 0−µs ≤ f(V ) ≤ µs if V = 0−µk if V < 0 (2.4)
The velocity V of the mass has the components x˙ and y˙, which determine the direction
of the kinematic friction force. We have
|V | =
√
y˙2 + x˙2. (2.5)
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The derivatives of x and y are with respect to the time τ . The friction direction
angle between x˙ and y˙ is deﬁned by
θ =

tan−1( y˙x˙ ), (x˙ ≥ 0, y˙ 6= 0)
pi − tan−1( y˙x˙ ), (x˙ < 0, y˙ ≥ 0)
pi + tan−1( y˙x˙ ), (x˙ < 0, y˙ < 0)
(2.6)
Hence the components of the friction forces can be expressed in the following way:
Fxµ = Fµ cos θ, Fyµ = Fµ sin θ (2.7)
The driving forces Fx and Fy are arbitrary but in the present paper we assume that
they are simple harmonic functions with driving (angular) frequencies ωxd and ωyd
respectively:
Fx = fx0 cos(ωxdτ + φx), Fy = fy0 cos(ωydτ + φy) (2.8)
where fx0 and fy0 are the amplitudes and φx and φy are the phases.








, t = τ
√
k/m, ωxd = Ωx
√
m/k, ωyd = Ωy
√
m/k.(2.9)
The equations (2.1) and (2.2) can then be written on dimensionless form:
x¨s + ξx˙s + xs + f(µ) cos θ = βx cos(Ωxt+ φx) (2.10)
y¨s + ξy˙s + ys + f(µ) sin θ = βy cos(Ωyt+ φy) (2.11)
where
βx = fx0/N, βy = fy0/N, ξ = c/
√
km (2.12)
and the friction direction angle θ remains on the same form as (2.6) except that x˙
and y˙ are replaced by x˙s and y˙s.
2.3 The friction direction angle and the friction force
components
In order to deﬁne a friction force vector on a plane, its modulus and argument must
be known. The modulus of the friction force vector is determined by (2.3) and (2.4),
and its argument is given by the angle θ shown in Figure 2.2. Then the x and y
components of the friction force can be determined. We call the angle θ the friction
direction angle. The dry friction is assumed to be isotropic.
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Figure 2.2: The friction direction angle in a two-dimensional friction oscillator
If the velocity components Vx = x˙ and Vy = y˙ of the mass are diﬀerent from(0,0)
then the friction direction angle is determined by the angle between the velocity Vx
and the resultant velocity v. The modulus of the friction force vector is then equal to
the normal force times the kinetic friction coeﬃcient, viz. Fµ = Nµk. The direction
of the friction force is opposite to the resultant velocity V as shown in Figure 2.2(a)
due to the isotropy. The friction direction angle is given by the velocities Vx = x˙ and
Vy = y˙ in equations (2.6), and then the components of the friction force vector are
given by equation (2.7).
If (Vx, Vy) equals (0, 0) then the maximum value of the friction force is equal
to the normal force times the static friction coeﬃcient, viz. Fµ = Nµs, and the
corresponding components of the friction force are equal to the corresponding input
forces, viz. Fxµ = Finx, Fyµ = Finy. Although the mass is in rest, the friction force
is not zero. We call this state a nonzero static friction force equilibrium state, and
the friction force vector is equal and opposite to the input force, which is shown in
Figure 2.2(b). The eﬀect of the torque caused by the input force and friction force
is neglected in the present paper. In other words, we can use the input forces Finx
and Finy to determine the friction direction angle alternatively, viz.
θ =

tan−1(FinyFinx ), (Finx ≥ 0, Finy 6= 0)
pi − tan−1(FinyFinx ), (Finx < 0, Finy ≥ 0)
pi + tan−1(FinyFinx ), (Finx < 0, Finy < 0)
(2.13)
When both the velocities and the input forces of the mass are equal to zero, then
the friction force is zero and the system is also in equilibrium. We call this state
a zero friction force equilibrium state. In this case the friction direction angle is
undetermined.
We now extend the deﬁnition of the friction direction angle, θ to include the two
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cases in (2.6) and (2.13). It is determined in the following way
θ =
















where χ(x˙s, y˙s) denotes the representation of θ by (2.6); ψ(Finx, Finy) stands for the
representation of θ by (2.13) and ∅ is the empty set of θ. The symbol ∨ means
disjunction and the
∧
denotes conjunction. As a consequence, the components of
the friction force vector in the two orthogonal directions can be determined by the
following formulae:
Fxµk = Fµ cos θ
Fyµk = Fµ sin θ
}
, (x˙s ∨ y˙s 6= 0) | (x˙s ∧ y˙s = 0,




, (x˙s ∧ y˙s = 0, |Finx| < |Fxµs|, |Finy| < |Fyµs|) (2.16)
Note that the components of the maximum friction force vector in the x and y
directions, Fxµs, Fyµs that are used in the conditions are determined by
Fxµs = <(θ)Nµs cos θ
Fyµs = <(θ)Nµs sin θ.
}
(2.17)
where the function <(θ) is deﬁned as
<(θ) =
{
1, θ ∈ Θ
0, θ /∈ Θ (2.18)
in which the symbol Θ stands for a non-empty set of θ. (2.18) is used to determine
the stick-slip switch conditions as we shall see in the coming sections.
It should be pointed out that if the stick motion takes place between two moving
bodies then the (2.16) can not be directly used to determine the acting friction force
components. In that case the switch conditions are needed to determine both the
acting friction force components and the stick-slip states, which will be discussed in
the following chapters.
In the case of a one-dimensional friction oscillator, the friction direction angle
reduces to 0 or pi (motion in x-direction) or pi/2 or 3pi/2 (motion in y-direction).
Therefore the friction direction angle can be used to instead of the sign function.
If the dry friction depends on the friction direction angle as a result of rough-
ness anisotropy of the contact surfaces then the dry friction is called anisotropic
friction[Zmitrowcz,1981a,b]. In that case the friction direction angle can be used to
determine the deﬂection angle, β as shown in Figure 2.3. In that case the friction
coeﬃcient is then determined by
µθ =
√
(µ11 cos θ + µ12 sin θ)2 + (µ21 cos θ + µ22 sin θ)2 (2.19)

















Figure 2.3: Components of anisotropic friction forces
and the deﬂection angle is determined by
β =
(µ22 − µ11) sin θ − µ12 sin2 θ + µ21 cos2 θ
µ11 cos2 θ + µ22 sin2 θ + (µ12 + µ21 sin θ cos θ)
. (2.20)
The friction coeﬃcients µij may be found by sliding the mass along the axes of the
orthogonal reference system (xoy). In any isotropic friction case µij = µ for i = j
and µij = 0 for i 6= j.
The components of the friction forces in the x and y directions are then determined
by
Fxµ = Fµ cos(θ + β)
Fyµ = Fµ sin(θ + β)
}
, (x˙s ∨ y˙s 6= 0) | (x˙s ∧ y˙s = 0,
|Finx| ≥ |Fxµs|, |Finy| ≥ |Fyµs|) (2.21)
and
Fxµs = <(θ)Nµs cos(θ + β)
Fyµs = <(θ)Nµs sin(θ + β)
}
(2.22)
In the same way the friction forces in other motion states can also be written out.
2.3.1 The external force and input force
When the resultant velocity of the mass is equal to zero, we say that the system is
in the stick-phase. In this case the friction coeﬃcient attains its maximum value µs
and the associated friction force may reach its maximum value, which is the same as
the deﬁnition of the maximum static friction force. If the acting force (input force)
is less than the static friction force there is no motion occurring, because the static
friction force will balance the input force. If the input force is larger than the static
friction force, the balance will break and the mass will move under the action of
the input force and the friction force with the kinetic friction coeﬃcient µk. The
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resulting motion is a consequence of the stick-slip action of the friction force. In
order to deal with the stick-slip motion, we can use the friction direction angle and
the determination of the related components of the friction force vector, which have
just been discussed in the previous section.
In the case of a moving mass, which is called the slip-phase, we have the resultant
forces:
Fxh = Finx − Fxµk (2.23)
Fyh = Finy − Fyµk (2.24)
and if the mass comes to rest, which is called the stick-phase, the resultant forces
are:
Fxl = Finx − Fxµ (2.25)
Fyl = Finy − Fyµ (2.26)
where Fxµ, Fyµ denote the acting friction forces. They are equal to Fxµk, Fyµk for
the slip-phase and Fxµt, Fyµt for the stick-phase respectively. The friction forces
Fxµk, Fyµk, Fxµt, Fyµt are determined by (2.15) and (2.16). The input forces are
deﬁned by.
Finx = Fx − cxx˙− kxx, Finy = Fy − cy y˙ − kyy, (2.27)
which may be used to ﬁnd the friction direction angle.
The dependence of the friction coeﬃcient on the relative velocity, was determined
in three ways in[Popp, 1996]. Here we use a fourth approximate description[True,
2002][Xia, 2001a] that seems more appropriate for dry friction between two plane
surfaces of steel or cast iron.
In order to obtain a continuous transition of the friction forces from zero to non-





To this end, we deﬁne the resulting forces acting on the mass at arbitrary speeds as
Frx = Fxlsech(x˙sα) + Fxh(1− sech(x˙sα)) (2.29)
Fry = Fylsech(y˙sα) + Fyh(1− sech(y˙sα)) (2.30)
where α is a parameter that is related to the gradient of the change between µs
and µk. A speciﬁed value of α provides the corresponding approximate friction
characteristics. This model is well suited for the numerical implementation since the
user remains in control of the numerical process during the switch from stick to slip.
Figure 2.4 shows the curves of friction force as a function of the speed for various
values of the parameter α.
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Figure 2.4: The friction force with unit normal force as a function of the velocity for
diﬀerent parameter values α.
2.3.2 Conditions for stick-slip motions
If the input forces satisfy the condition
|Finx| > |Fxµs|
∨
|Finy| > |Fyµs| (2.32)
or(valid only for the isotropic friction)√
F 2inx + F
2
iny > |Fµ| (2.33)
then the mass will change from the stick phase, to the slip phase.
When the system is in the slip phase, if it changes to the stick phase the input
forces must satisfy the following conditions
|Finx| < |Nµs cos θsech(αx˙s) +Nµk cos θ(1− sech(αx˙s))|, (2.34)
|Finy| < |Nµs sin θsech(αy˙s) +Nµk sin θ(1− sech(αy˙s))|. (2.35)
During the slip-phase changing to stick-phase the velocity will change continuously.
When the motion into the stick phase the components of the friction force vector are
determined by the equation(2.16).
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2.4 Characteristics of the two-dimensional friction
oscillator
2.4.1 Special cases of the system
If the external force in equations (2.10) and (2.11) along the y(or x) direction is
zero, it means that the mass only moves along the x(or y) direction. In this case the
problem reduces to a one-dimensional friction oscillator, which has been investigated
by many researchers[Meng, 1991][Den Hartog, 1931][Hong, 2000][Saw, 1986][Feen,
1992][Popp, 1996]. With the method introduced above, the friction direction angle
θ then is either 0 or pi, so the sign function can be replaced by the friction direction
angle.




Then there is a linear relation between the two friction force components, and the
equations (2.10)(2.11) can be reduced to a one dimensional dynamic system:
z¨ + cz˙ + z + µθ0 = βz cos(Ωzt+ φ) (2.37)
where the θ0 takes the values of 0 or pi and the orbit of the response is a straight line
segment.
In order to show this, we choose the parameter values: µs=µk = 0.4, βx = 0.4,
βy = 0.2 and Ωx = Ωy = 0.7, ξx = ξy = 0.5, φx = φy = 0. The simulation results
are shown in Figure 2.5, in which the four left plots show the displacements and the
phase diagram; and the right four plots show the friction force(in the ﬁgure the limit
friction force overlaps the acting friction force) and the friction direction angle.
For cx = cy, kx = ky, i.e., a symmetric system, the response will have a circular
orbit when the mass is excited by a sinusoidal excitation where the x and y compo-
nents diﬀer in phase by pi/2[Meng, 1991]. The results are shown in Figure 2.6 for
comparison with the results in[Meng,1991]. In the ﬁgure, the left four plots show
the displacements, the phase diagram, the velocities and the exciting forces. If the
amplitudes of the exciting forces are large enough then the acting friction force is
identical to the limiting locus of the friction force. In the case where the amplitudes
of the exciting forces are small as shown in the right four plots of Figure 2.6, then the
acting friction force is less than the limiting locus of the friction force and obviously
the system is in rest. In the ﬁgure, the dotted circle denotes the limiting locus of the
friction force and the solid circle shows the acting friction force.
The orbit of the response will be elliptic under the excitations
Ωx = Ωy, φx 6= φy (2.38)
and the diﬀerence in phase diﬀers from pi/2. Letting the parameters βx = βy = 0.5,
Ωx = Ωy = 0.2, kx = ky = 1, ξx = ξy = 1, φx = 0, φy = pi/4 and µk = µs = 0.4.


























































































































Figure 2.5: The straight line segment orbit of the response to diﬀerent amplitudes
and the same frequencies of excitations. Left fours: responses and phase diagrams;




















































































































Figure 2.6: Left: responses to sinusoidal excitations diﬀering in phase by pi/2; µs =
µk = 0.4 βx = βy = 0.5, kx = ky = 1, ξx = ξy = 1, φx = 0, φy = pi/2. Right: the
trajectory, the friction forces and the friction direction angle with the parameters are
same as the left except βx = βy = 0.3





















































































































Figure 2.7: Responses of the stick-slip state in which the orbit is elliptic: βx = βy =
0.5, Ωx = Ωy = 0.2, kx = ky = 1, ξx = ξy = 1, φx = 0, φy = pi/4.
The displacements, the phase diagram, the orbit of the response, the friction forces
and the friction direction angles are shown in Figure 2.7. It is easy to see that there
exist two stops per cycle. Correspondingly, in the plot of the acting friction force
Fµy versus Fµx the circle is seen to be divided into two segments with a gap around
Fµy = 0. Therefore the acting friction force is inside or on the limiting locus of the
friction force. This means that there are two stick states per cycle. When the static
coeﬃcient of friction equals the kinematic coeﬃcient of friction that is the case here,
then the curve of the limiting locus of the friction force on the two-dimensional plane
is a circle.
2.4.2 Multiple stops per cycle
In the case of one-dimensional friction, there are many types of steady-state be-
haviour: permanent sticking, zero stop per cycle(i.e., non-sticking oscillation), one-
stop, two-stops, four-stops, six-stops per cycle, and so on[Hong, 2000]. As an exam-
ple, only two stops and four stops per cycle are shown here. However, the three stops
per cycle are also found for the two-dimensional friction case. The results are shown
in Figure 2.8.
2.4.3 General responses of the system
In general case, the orbit of the response to arbitrary amplitudes and frequencies
both in x and y directions is a plane curve. As an example, let the initial phases be
zero. Figure 2.9 shows the steady state of the displacements and the phase diagram
in the left four plots of the ﬁgure. The orbit of the response and the corresponding
friction direction angle are shown in the right four plots of the ﬁgure. The ﬁgure











































































































































Figure 2.8: Left: two and three-stops per cycle: βx = 0.4, βy = 0.3, Ωx = 0.3 and
Ωy = 0.2, cx = cy = 0.5; Right: two and four-stops per cycle along x and y directions
respectively: the parameters are same as the left except for the Ωy = 0.15
clearly shows that the orbit of the response is not a simple circle or an ellipse but a
























































































































Figure 2.9: Response to sinusoidal excitations with diﬀerent amplitudes and frequen-
cies: µs = 0.4, µk = 0.3, cx = cy = 1 , βx = 0.5, βy = 0.3, Ωx = 0.5, Ωy = 0.7; Left
fours: responses and phase diagrams; Right fours: the orbit of the response and the
friction direction angle
In this chapter, we have provided a method to simulate the stick-slip motion
of a two-dimensional dry friction oscillator under complex excitations. The friction
direction angle has been deﬁned and successfully used to replace the sign function that
is widely used in the one-dimensional friction oscillator. With the friction direction
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angle both the module and the argument of the friction force vector can be determined
for the stick state as well as for the slip state. By the switch-condition we can simulate
the stick-slip motion numerically under various excitations.
The two-dimensional coupled oscillator can be uncoupled under certain condi-
tions. The orbit of the responses of a two-dimensional friction oscillator will be a
straight line segment, a circle or an ellipse depending on the details of the sinusoidal
excitations. In the general case, the response is a complex planar curve. For various
levels of excitations, the zero-stop, one-stop, two-stops and multiple stops per cycle
will appear.
The cases involving a velocity-dependent friction coeﬃcient, a collapse of the
state space of the system caused by stick-slip motion and a variable normal force,
especially, if the normal force is a state-dependent variable, the problem will be
discussed in connection with our investigation of the model of wedge dampers in the
three-piece-freight-bogie on railways in the next chapter.
C h a p t e r 3
Modelling of wedge dampers
with two-dimensional dry
friction
A model of the wedge dampers of the Three-Piece-Freight-Truck in the presence of
two-dimensional dry friction will be discussed in detail in this chapter. The model
presented involves the three-dimensional motion of wedge dampers under external
excitations both in the lateral and vertical directions, with the velocity-dependent
friction coeﬃcients. The lateral and vertical components of the dry friction force
vectors on the surfaces of a wedge can be exactly calculated using the concept of
friction direction angles introduced in chapter 2 and the switch conditions for the
system in the cases of stick state and slip state. The responses of a wedge and a
bolster to exciting forces on the bolster along the lateral, vertical or inclined directions
are obtained. The results show that the vertical and lateral dynamic performances of
the wedge dampers are coupled through the friction direction angles. One interesting
phenomenon is that if the exciting force on the bolster is purely lateral then it will
anyway cause both lateral as well as vertical vibrations of the wedge and the bolster.
A switch condition for a coupling-separating motion between a wedge and a bolster is
provided, and the coupling-separating motion is simulated with a numerical method.
The structure of the natural frequency of the wedge dampers with two-dimensional
dry friction is discussed in detail and some numerical results are provided.
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Figure 3.1: Secondary suspension conﬁgurations for (a) constant and (b) variable
damping
3.1 Description of the wedge damper system
For the current three-piece-freight-truck, two main types of friction wedge suspen-
sions are widely used. They diﬀer by the method in which the wedges are spring
loaded. The constant-damping suspension incorporates preloaded control springs
that hold the wedges in place through a constant force which is shown in Figure
3.1(a), it is called constant damping or ride control. The variable-damping suspen-
sions are characterized by a set of independent support springs that supply the wedge
compression forces as a function of the displacement between the bolster and side
frame is shown in Figure 3.1(b), which is often called variable damping or ride master.
In the present thesis, we mainly focus the research eﬀorts on the variable-damping
suspensions. The methods can also be used to the constant-damping suspensions
because it is simple from a mathematical point of view. As Figure 3.2 shows the
wedges are spring-loaded into an approximately conformal space between the bol-
ster and the side frames. Usually a friction plate is added between the surfaces of
a wedge and the side frame, which easily can be changed with a new one when it
is worn. In this chapter we consider the case that the wedge, the bolster and the
side frame can move relatively to each other in the longitudinal, lateral and vertical
directions. In order to study the performances of a wedge and a bolster relative
to a side frame, the side frames are considered ﬁxed. In this way the longitudinal
motion of a bolster can be neglected since the symmetry of the action of the two
wedges is preserved. Many investigators have focused on this problem in diﬀerent
ways. However, up to now, as to our knowledge, few models or theories considered






Figure 3.2: Schematic cross-section of wedge dampers in Three-Piece-Freight-Truck
the problem of wedge dampers with two-dimensional dry friction. The present ex-
isting models of the Three-Piece-Freight-Truck have at least one of ﬁve shortcomings:
• The mass of the wedge is neglected;
• Only the static or the kinetic dry friction coeﬃcient is considered;
• Only one-dimensional dry friction is included;
• The determination of the lateral and vertical components of friction force vectors
on the surfaces of a wedge are made with a constant normal force times the friction
coeﬃcient, Nbµ.
• The stick-slip motion is neglected.
In this chapter we restrict the investigation to three directions of motion of the
wedge and the bolster, i.e. in longitudinal, lateral and vertical direction. The mass
of the bolster in the model includes also the mass of the loaded or empty car body.
Using the symmetries in the construction only one eighth of the total enters the
equations.
The normal stresses are replaced by single normal forces on both surfaces of the
friction wedge. In order to understand the eﬀects of dry friction on the responses of
the wedge dampers, only dry friction damping without the eﬀects of possible viscous
damping is considered. The free bodies in the simple model are one of the friction
wedges, one-fourth bolster, one-eighth of the car body and half of a spring group
on either side of the truck, in addition the lumped masses of a bolster and a wedge
are used. Figure 3.3 shows the free bodies and the forces on them. Letting the dry
friction coeﬃcients on the two surfaces of a wedge be µd, µb which have static and






µz1 ≤ µdSd (3.1)






µz2 ≤ µbNb (3.2)
where fµy1,2, fµz1,2 stand for the components of the friction forces on the two surfaces
of a wedge in the lateral and vertical directions respectively, and the index 1 denotes
the surface of the wedge contacting on the side frame and the index 2 the surface
of the wedge contacting the bolster; fµ1 and fµ2 denote the resultant Coulomb dry
friction forces, which can be determined by eqns.(2.3) and (2.4). The notations on
























































Figure 3.3: The free bodies of a wedge and a bolster and the reaction forces on them
Furthermore, due to the fact that x˙1,2=0 on the contacting surfaces, the veloc-
ities of a wedge and a bolster V1 and V2 , which determine the directions of the






in which the derivatives of z1,2 and y1,2 are respect with to time.
We use the fact that in eqns. (3.1)-(3.3) all terms correspond to the surface-ﬁxed
coordinates of the wedge, so that the relations between the surface-ﬁxed coordinates
and the general coordinates can be found as: x1y1
z1
 =
 cos γ 0 sin γ0 1 0













where γ is the angle between the left side surface of a wedge and its vertical surface
and φ is the angle between the right side surface of a wedge and its vertical surface.





 Sd cos γ −Nb cosφ− Fkdx + fµz1 sin γ + fµz2 sinφfµy2 − fµy1 − Fkdy







 Nb cosφ− fµz2 sinφ− Sx2 − Fkbx−fµy2 − Fkby + Sy2
Sz2 −Nb sinφ− Fkbz − fµz2 cosφ+Gb
 (3.7)
where
Fkdx = kdxxd, Fkdy = kdyyd, Fkdz = kdzzd, (3.8)
Fkbx = kbxxb, Fkby = kbyyb, Fkbz = kbzzb. (3.9)
md is the mass of a wedge and mb the mass of a fourth of a bolster; Sd denotes the
normal force between a wedge and a side frame and Nb the normal force between
a wedge and a bolster; Fk.. denotes the spring force of a wedge or a bolster spring
with indices dx, dy, dz, bx, by, bz that denote the spring forces of the wedge and
the bolster in the longitudinal, lateral or vertical direction respectively; Sx2 is the
internal force coming from the symmetry in the problem; Sy2 and Sz2 are external
exciting forces on the bolster along the lateral and vertical directions; Gd, Gb the
weights of the wedge and the bolster respectively.
We use the deﬁnition of the friction direction angle in chapter 2 to calculate the
components of the friction forces on the surfaces of the wedge along the lateral and
vertical directions. The friction direction angles read
θ1 =





















ψ2(F ∗inybd, Finz2), (y˙21
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where θ1 is the friction direction angle of the friction force on the surface of the wedge
contacting with side frame and θ2 the friction direction angle of the friction force on
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the surface of the wedge contacting with the bolster; the symbol ∨ means disjunction
and the ∧ denotes conjunction. Relative velocities y˙21, z˙21 are deﬁned by
y˙21 = y˙b − y˙d, z˙21 = (z˙b − z˙d)/ cosφ (3.12)
and y˙d, y˙b, z˙d, z˙b are the velocities of the wedge and the bolster along lateral and
vertical directions respectively; Finy1, Finybd∗ , Finz1, Finz2 denote the input forces,
which will be discussed in detail in section 3.2. The input forces described in the
surface-ﬁxed coordinate and in the general coordinate systems have the relations
Finy1 = Finyd, Finz1 = Finzd/ cos γ, Finy2 = F ∗inybd, Finz2 = Finzb/ cosφ.
(3.13)
By use of the friction direction angles θ1,2, the components of the kinetic fric-
tion forces along lateral and vertical directions can be determined by the following
formulae.
fy1µk = fµ1 cos θ1
fz1µk = fµ1 sin θ1
}
, (y˙1 ∨ z˙1 6= 0) | (y˙1 ∧ z˙1 = 0,




, (y˙1 ∧ z˙1 = 0, |Finy1| < |fydµs| ∧ |Finzd| < |fzdµs|), (3.15)
fy2µk = fµ2 cos θ2
fz2µk = fµ2 sin θ2
}
, (y˙21 ∨ z˙21 6= 0) | (y˙21 ∧ z˙21 = 0,
|F ∗inybd| ≥ |fybµs| ∨ |Finzb| ≥ |fzbµs|), (3.16)
fy2µt = F ∗inybd
fz2µt = Finz2
}
, (y˙21 ∧ z˙21 = 0, |F ∗inybd| < |fµybs| ∧ |Finzb| < |fzbµ2|). (3.17)
For the analysis of the stick motion between the wedge and the bolster and the wedge
and the frame the components of the static friction force vector must be determined.
They are used to set up the switch conditions.
fydµs = <(θ1)Sdµsd cos θ1, (3.18)
fzdµs = <(θ1)Sdµsd sin θ1 cos γ, (3.19)
fybµs = <(θ2)Nbµsb cos θ2, (3.20)
fzbµs = <(θ2)Nbµsb sin θ2 cosφ (3.21)
where the function <(θ) is deﬁned by (2.18). We suppose that no separation between
a wedge and a bolster and the wedge and a side frame take place. With x˙1 = 0 and
then calculating of the relative velocities between the surfaces of the wedge and the
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bolster by equation (3.5) and letting the relative velocity along local x2-axis be zero
we can derive the following kinematic constraints of the system
x˙d = − sin γ sinφsin(γ + φ) z˙b, z˙d =
cos γ sinφ
sin(γ + φ)
z˙b, x˙b = 0 (3.22)
Thus we have three independent variables yd, yb and zb in our system.
Note that in eqns. (3.11), (3.16) and (3.17) we use F ∗inybd to represent the input
force in the lateral direction. The reason is that the stick motion will take place
between the two moving components of the wedge and bolster. When the wedge and





(Finybmd − Finydmb), fybµt = F ∗inybd (3.23)
and the switch conditions are
fybµt < fybµs, y˙21 ∧ z˙21 = 0. (3.24)
The acting friction forces on the surfaces of wedges for the stick state in the
vertical direction, fz1µt and fz2µt can be determined by the equations (3.15) and
(3.17) in a simple way.
3.2 The stick-slip motion of the wedge dampers
When the relative velocity between a wedge and a bolster is zero, we say that the
wedge, the bolster or the system is in the stick-mode. When the relative speed of
the wedge and the bolster is diﬀerent from zero, we call the state the slip-motion.
According to chapter 2 in the slip state the resultant external forces can be written
as
Fxdresh = Finxdh − Fµxdh, (3.25)
Fydresh = Finydh − Fµydh, (3.26)
Fzdresh = Finzdh − Fµzdh, (3.27)
Fybresh = Finybh − Fµybh, (3.28)
Fzbresh = Finzbh − Fµzbh. (3.29)
Here the input forces and the friction forces are
Finxdh = Sd cos γ −Nb cosφ− Fkdx +Nbµkd sin θ2 sinφ, (3.30)
Fµxdh = −Sdµkd sin θ1 sin γ, (3.31)
Finydh = Nbµkb cos θ2 − Fkdy, (3.32)
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Fµydh = Sdµkd cos θ1, (3.33)
Finzdh = Nb sinφ+ Sd sin γ − Fkdz +Nbµkb sin θ2 cosφ+Gd,−Fkdy, (3.34)
Fµzdh = Sdµkd sin θ1 cos γ, (3.35)
Finybh = Sy2 − Fkby, (3.36)
Fµybh = Nbµkb cos θ2, (3.37)
Finzbh = Sz2 −Nb sinφ− Fkbz +Gb, (3.38)
Fµzbh = Nbµkb sin θ2 cosφ (3.39)
where µkd, µkb denote the kinetic friction coeﬃcients on the two surfaces of a wedge
respectively.
In the stick-mode, the resultant external forces read
Fxdresl = Finxdl − Fµxdl, (3.40)
Fydresl = Finydl − Fµydl, (3.41)
Fzdresl = Finzdl − Fµzdl (3.42)
and
Fybresl = Finybl − Fµybl, (3.43)
Fzbresl = Finzbl − Fµzbl (3.44)
where the input forces and the friction forces in the longitudinal, lateral and vertical
directions are deﬁned by:
Finxdl = Sd cos γ −Nb cosφ− Fkdx, (3.45)
Fµxdl = fz2µ sinφ− fz1µ sin γ, (3.46)
Finydl = −Fkdy (3.47)
Fµydl = Finy1 + F ∗µybd, (3.48)
Finzdl = Nb sinφ+ Sd sin γ − Fkdz +Gd, (3.49)
Fµzdl = fz2µ cosφ+ fz1µ cos γ, (3.50)
Finybl = Sy2 − Fkby, (3.51)
Fµybl = F ∗µybd, (3.52)
Finzbl = Sz2 − Fkbz −Nb sinφ+Gb, (3.53)
Fµzbl = fz2µ cosφ (3.54)
where fz1µ, fz2µ denote the acting friction forces on the two surfaces of a wedge
respectively, they are determined by
fz1µ =
{
fz1µk, Finzd ≥ fzdµs
fz1µt, Finzd < fzdµs
, (3.55)
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fz2µ =
{
fz2µk, Finzb ≥ fzbµs
fz2µt, Finzb < fzbµs
(3.56)
The acting friction forces between the wedge and the bolster in the lateral direction
for the stick-mode can be determined by (3.23) and the switch conditions can be
written as
fy2µt = F ∗inybd < fybµs, y˙21 = 0 (3.57)
with (3.24).
Here we use the same method discussed in chapter 2. Thus the friction force
characteristics depending on the relative velocity are approximately described by the
hyperbolic secant function(2.27). We deﬁne the resulting forces acting on the wedge
and the bolster at arbitrary speeds as[Xia, 2001a][True, 2002]
Frxd = Fxdreslsech(x˙dα) + Fxdresh(1− sech(x˙dα)), (3.58)
Fryd = Fydreslsech(y˙dα) + Fydresh(1− sech(y˙dα)), (3.59)
Frzd = Fzdreslsech(z˙dα) + Fzdresh(1− sech(z˙dα)), (3.60)
Fryb = Fybreslsech(y˙bα) + Fybresh(1− sech(y˙bα)), (3.61)
Frzb = Fzbreslsech(z˙bα) + Fzbresh(1− sech(z˙bα)) (3.62)
where α is a parameter that determines the shape of the curve. Its value is chosen
and depends on the magnitude of the relative velocity. For a higher speed a lower
value is selected, and vice versa.
















In the system the normal contact forces Sd and Nb usually are state-dependent quan-
tities. For the simple system they can be expressed explicit but generally it may be
impossible. They must be calculated numerically in dependence on time as all the
other state variables.
In the system (3.63) there are three independent variables yd, yb and zb; and
we calculate reaction forces Sd and Nb explicitly in the equations. In this way we
can reduce the system to ﬁve equations in the lateral accelerations of a wedge and a
bolster, the vertical acceleration of the bolster, the side frame normal force and the
bolster normal force. Taking matrix form, the equations read
AsYs = Fs, (3.64)
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where








Sz2 +Gb − Fkbz
 ,
(y˙b ∨ z˙b 6= 0)|(y˙b ∧ z˙b = 0,
|F ∗inybd| ≥ |fybµs| ∧ |Finzb| ≥ |fzbµs|)

−Fkdx + fz1µt sin γ + fz2µt sinφ
−Fkdz +Gd + fz2µt cosφ− fz1µt cos γ
−Fkdy − F ∗inybd
Sy2 − Fkby − F ∗inybd
Sz2 +Gb − Fkbz − fz2µt cosφ
 ,








 , <(θ1) = 0,<(θ2) = 0
(3.66)




a11 a12 0 0 md sinφ sin γsin(φ+γ)
a21 a22 0 0 −md sinφ cos γsin(φ+γ)
a31 a32 −md 0 0
0 a42 0 −mb 0
0 a52 0 0 −mb

,
(y˙b ∨ z˙b 6= 0)|
(y˙b ∧ z˙b = 0,
|F ∗inybd| ≥ |fybµs|∧
|Finzb| ≥ |fzbµs|)
Cγ −Cφ 0 0 a15
Sγ Sφ 0 0 a25
a31 0 −md 0 0
0 0 0 −mb 0
0 −Sφ 0 0 −mb
 ,
(y˙b ∧ z˙b = 0)∧
(|Finzb| < |fzbµs|)∧
(|F ∗inybd| < |fybµs|)
,

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
 , <(θ1) = 0,<(θ2) = 0
(3.67)




, a25 = −md sinφ cos γsin(φ+ γ) . (3.68)
The other elements of As can be found in appendix A.
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Letting y˙d = q1, y˙b = q2, z˙b = q3, yd = q4, yb = q5, zb = q6, we can rewrite the
second order diﬀerential equations in the form of a system of Diﬀerential-Algebraic
Equation (DAE) [Hairer, 1991][Brenan, 1989]
q˙ = f(q, z), (3.69)




z1 z2 z3 q1 q2 q3
]T
, (3.71)
g(q, z) = Fs −Asn, (3.72)
n =
[
Sd Nb z1 z2 z3
]T
. (3.73)
The system described by eqns. (3.69) and (3.70) is a piece-wise diﬀerentiable
system so numerical integral method can be used to simulate the system[Hairer,
1991].
3.4 The motion of the wedge dampers under sinu-
soidal excitations when they are in contact with
the bolster
As an example, consider the typical parameters of the wedge dampers in [Yan, 1993]
[Cheng, 2000] as shown in Table 3.1.
Table 3.1: Parameters of the system
γ 2.50 kdx(N/m) 0.8e6 kby(N/m) 1.9e6 µsb 0.45
φ 450 kdy(N/m) 0.8e6 kbz(N/m) 2.69e6 µkb 0.35
md(Kg) 8 kdz(N/m) 1.0e6 µsd 0.4
mb(Kg) 1906/10000 kbx(N/m) 1.5e7 µkd 0.3
Figure 3.4 shows the response of the wedge and the bolster along lateral and
vertical directions on only lateral exciting force on the bolster. The amplitude of
the exciting force is 5000N with the frequency 8pi. In all ﬁgures in this section, the
dotted line denotes the lateral excitation and the solid line the vertical excitation.
In this case the lateral vibrations of the wedge and the bolster look like bounded
periodic responses and the amplitude of the vibration of the wedge is always less
or equal to that of the response of the bolster. If the exciting force is less than
the minimum of static friction forces on the surfaces of a wedge, the system will be
motionless. The stick state can be found when the displacement reach its maximum
values corresponding to the zero relative velocities[Hong, 2000]. Because the friction



























































































































Figure 3.4: Lateral responses of a wedge and a bolster to lateral exciting force on the
bolster for an empty.
damping, the vibration will reach its steady state with the same frequency as that of
the exciting force.
The results show that although only a lateral exciting force acts on the bolster, it
also induces the vertical movements of the bolster and the wedge. The reason can be
explained as follows: Before the exciting force acts, the friction force on the surface
between the wedge and the bolster acts only along vertical direction, that means that
the friction direction angle equals to pi/2, and the lateral component of the friction
force is equal to zero. When the lateral exciting force acts, the friction direction
angle changes from pi/2, which means that the lateral component of the friction force
increases from zero and subsequently the resultant input force may be bigger than
the total static friction force and slip occurs. Immediately the vertical component of
the friction force will drop to its kinematic value and the bolster will move vertically
as well as laterally. The characteristics of the vibration are controlled by the levels
of the excitations and the system parameters.
Figure 3.5 shows the responses of a wedge and a bolster under combined lateral
and vertical exciting forces on the bolster. The amplitude of the lateral exciting force
is 20000N and the frequency is 2pi rad/s; the amplitude of the vertical exciting force
is 10000N and the frequency is 4pi rad/s. In this case the phase trajectory in its
steady state is not circular, but a plan closed curve. The motions of the wedge and
the bolster are complicated because they inﬂuence each other. The results show that
the vertical motion of the bolster also eﬀects the lateral responses of the wedge and
the bolster. The responses of the wedge and the bolster are characterized by both the
amplitudes and frequencies of the excitations. If the exciting force on the bolster is
purely vertical, the amplitude of the vertical vibration of the bolster is smaller than
that of the vibration under combination of the vertical and the lateral excitation.
Note that if the maximum amplitude of the vertical excitation in the case of an
3.4 The motion of the wedge dampers under sinusoidal excitations when they





























































































































Figure 3.5: Lateral and vertical responses of a bolster to both lateral and vertical
exciting forces for an empty car; the dotted line denotes the lateral exciting force and



































































Figure 3.6: Normal forces on the surfaces of a wedge to a large vertical exciting force
with the amplitude 10000N and the frequency 2pi.









































































Figure 3.7: The trajectories of a wedge and a bolster under the combination of lateral
and vertical excitations with the frequencies 2pi and 4pi and the amplitudes 3500N
and 5000N
empty car exceeds the weight of the car body, when the force direction is upward,
then the friction force will be zero because the normal forces on the contacting surface
become zero. Then the wedge and the bolster will separate and the present dynamical
system can not deal with it, because the kinetic constraint relations are broken. That
problem will be discussed in the next section.
If only a vertical exciting force acts on the bolster of either an empty or a loaded
car, a steady motion of the system with intermediate stops per cycle will appear. In
other words, a stick-phase develops, in which the input forces are less or equal to the
maximal static friction force. In a large range of vertical exciting forces, the stick-slip
motion will arise for both the empty and the loaded car far away from resonance,
this is diﬀerent from the case where only a lateral exciting force or both the lateral
and vertical act on the bolster. These results can be found in Figure 3.6. Figure 3.6
shows the normal forces on the surfaces of the wedge. We can ﬁnd an interesting
phenomenon: The changing trends of the normal force are completely diﬀerent when
under the small levels of the excitation from the large ones. When the amplitude
of the exciting force is large enough, the normal forces are larger for the downward
motion of the bolster than for the upward motion. The result is the same as the
static results reported by Fro¨hling [Fro¨hling, 1998].
Under the combination of the lateral and vertical excitations the trajectories of
the wedge and the bolster are characterized by the frequency combinations of the
excitations, which are shown in the right four curves of Figure 3.7. It can give an
explanation of the observed shapes of wear on the surfaces of a wedge and a side
frame from a three-piece-freight-truck.
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3.5 The motion of the system under separation
When the three-piece-freight-truck runs on the track, the exciting force on the bolster
in the vertical direction may be so large, that the bolster will separate from the wedge
and perform a vibration without any contact with the wedge.
When separation takes place, and if the displacement of the wedge in the vertical
direction is smaller than its initial value, then a friction force exists on the surface
of the wedge contacting the side frame because the displacement in the longitudinal
direction diﬀers from zero. If the displacement of the wedge along the vertical direc-
tion is larger than its initial value, then a free vibration of the wedge will take place.
The bolster will perform a forced vibration without any friction damping. Hence for





 −Sx2 − Fkbx−Fkby + Sy2
Sz2 − Fkbz
 . (3.74)
In this case the motion of the bolster in the longitudinal direction can not be ne-




















where Sx2, Sy2 and Sz2 are simply selected as harmonic excitations of the forms
Sx2 = Afxb sin(ωfxbt+ φxb0), (3.76)
Sy2 = Afyb sin(ωfybt+ φyb0), (3.77)
Sz2 = Afzb sin(ωfzbt+ φzb0) (3.78)
where Afxb, Afyb and Afzb stand for the amplitudes of the excitations, ωfxb, ωfyb
and ωfzb for the frequencies; and φxb0, φyb0 and φzb0 are the phases.
With the initial conditions at the time t = 0 when the separation of the wedge
and bolster begins, the initial phases are not zeros in the general case, so the exact
solutions of above equations are[Timoshenko, 1974]




























































































D1x = xb0 − Afxb sinφxb0
kxb[1− (ωfxbωxb )2]
, D2x = ˙xb0 − Afxb cosφxb0
kxb[1− (ωfxbωxb )2]
, (3.91)
D1y = yb0 − Afyb sinφyb0
kyb[1− (ωfybωyb )2]
, D2y = ˙yb0 − Afyb cosφyb0
kyb[1− (ωfybωyb )2]
, (3.92)
D1z = zb0 − Afzb sinφzb0
kzb[1− (ωfzbωzb )2]














and ωfxb, ωfyb and ωfzb are frequencies of excited forces. Obviously, the motions
of the bolster are forced vibrations. For arbitrary exciting forces on the bolster in
the lateral and vertical directions, the solutions can be obtained in the way shown
in[Timoshenko, 1974], where the initial displacements and the velocities as well as
the initial phases are not zero.
For the wedge, two cases should be considered: One is that the displacement of
the wedge in the vertical direction is smaller than its initial value. In this case the
friction force on the surface of the wedge in contact with the side frame should be
included and the equations of motion(3.6) become
md
 −z¨d tan γy¨d
z¨d
 =
 Sd cos γ − Fkdx + Sdµkd sin θ1 sin γ−Sdµkd cos θ1 − Fkdy
Sd sin γ − Fkdz − Sdµkd sin θ1 cos γ
 . (3.95)
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The solutions of the above equation are
yd = ayd cos(ωydt− βyd), (3.96)
zd = azd cos(ωzdt− βzd), (3.97)



















)2, βzd = tan−1(
z˙d0
zd0ωzd
), ω2zds = pap (3.100)
and
pap = [kdz − sin γ(kdz − kdx)(sin γ − µkd sin θ1 cos γ)]/md. (3.101)
The other case happens when the displacement of the wedge along the vertical direc-
tion is larger than its initial value. In this case the wedge performs free vibrations








The corresponding solutions read






































For a certain large amplitude or a frequency near the resonant frequency of the
excitation along the vertical direction, the response will change from a coupled into a
separated motion. Figure 3.8 shows the vertical response of the bolster to a vertically
exciting force. The ﬁlled area on the external force denotes that in that area the
separation motion appear.
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Figure 3.8: Vertical responses of a bolster to a large exciting force on the bolster. The
amplitude of the force is 23000N and the frequency is pi(rad/s). The shades on the
curve denote the force corresponding to the separated motion
3.6 The contact switch-condition for the coupling-
separating motion of the system
For the two motion states of the system, the motions are governed by two diﬀerent sets
of equations. The switch condition necessary to connect the two diﬀerent movements
must be set up so that a complete response of the system can be simulated. The
separation begins when either of the normal forces on the surfaces of the wedge is
equal to or smaller than zero. After then, the responses of the system belong to
the separating state. If the surfaces of the bolster and the wedge meet, the coupled
motion start. If the following condition
| zb − zd |≤ 0 (3.107)
is true, then the coupled motion will start. The contact forces(impact forces) can be








where Vbn and Vwn stand for the approaching speeds along the normal directions of
the surfaces of the wedge and ∆t is the impact time.
In these cases there are two states of responses to certain large vertically exciting
forces on the bolster: A coupled state and a separated state. In the ﬁrst case,
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Forced vibration of bolster 
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Figure 3.9: The ﬂow chart for the algorithm of the coupled-separated motion analysis
the analytical solution is very diﬃcult or impossible to ﬁnd, so that a numerical
method should be developed. In the second case the exact solution can be obtained.
Combining the two cases a complete response of the wedge dampers to any levels
of excitations can be simulated. The ﬂow chart for the algorithm of the coupled-
separated motion analysis is shown in Figure 3.9.
Figure 3.10 shows the complete response of the system with coupled-separated
motion to a large exciting force. In the coupled state, the trends of the two curves
are identical because there the kinematical constraints between the wedge and the
bolster exist. In the case of the separated state, the wedge undergoes a free vibration
with a higher frequency, and the response of the bolster is a forced vibration with
a lower frequency. The motion of the system has two diﬀerent frequencies. One of
them is the same as that of the exciting force and the other is the free vibration
frequency, so the trajectories of the two motions are diﬀerent. When the contact
switch-condition is fulﬁlled, a coupling takes place again.
3.7 The frequency response of the system
To understand the eﬀect of dry friction damping on the response of the system, we
calculate its frequency response. First, the natural frequencies of the wedge and the
bolster are analyzed as following.
From the equations (3.6) and (3.7), we know that the motions of the wedge and
the bolster are inertially coupled. Because of the eﬀect of the dry friction, it is
diﬃcult to evaluate the frequency. However, we can analyze some special cases to
48 Modelling of wedge dampers with two-dimensional dry friction














































Figure 3.10: The coupled-separated motions of the system to a vertical periodically
varying force on the bolster: Amplitude: -20000N; frequency: 0.2pi(rad/s). Left: Re-
sponse. Right: Exciting force. The shades on the curve denote the force corresponding
to the separated motion. The heavy color line denotes the motion of the bolster and
the light color line denotes the motion of the wedge
check the range of the frequencies of the system and the discussion in this section is
limited in the range of slip motion of the system.
From equations (3.6), (3.7) and (3.10)-(3.17), we have
mby¨b = −Nbµkb cos θ2 − kbyyb + Sy2, (3.109)
mbz¨b = −Nb sinφ−Nbµkb sin θ2 cosφ− kbzzb + Sz2, (3.110)
mdx¨d = Sd cos γ+Sdµkd sin θ1 sin γ−Nb cosφ+Nbµkb sin θ2 sinφ−kdxxd, (3.111)
mdy¨d = Nbµkb cos θ2 − Sdµkd cos θ1 − kdyyd, (3.112)
mdz¨d = Nb sinφ+Nbµkbsinθ2 cosφ+Sd sin γ−Sdµkd sin θ1 cos γ−kdzzd. (3.113)
For the separating motions, the frequencies of the wedge and the bolster can be easily














and ωzds is given by (3.106). In the case of a coupling motion, the normal forces
on the surfaces of the wedge depend on the state variables and the friction direction
angle.
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From(3.110) the normal force Nb can be found and with (3.113) the normal force
Sd can be determined too. Substituting them into (3.109), (3.111) and (3.112), yield
mdy¨d + kdyyd =
z¨b[
mbµkb cos θ2
sinφ+ µkb sin θ2 cosφ
+
µkd cos θ1
sin γ − µkd sin θ1 cos γ (mb +Bmd)]
+zb[
kbzµkb cos θ2
sinφ+ µkb sin θ2 cosφ
+
µkd cos θ1
sin γ − µkd sin θ1 cos γ (kbz +Bkdz)]
+
µkd cos θ1
sin γ − µkd sin θ1 cos γ Sz2, (3.115)
mby¨b+kbyyb =
µkd cos θ2
sinφ+ µkb sin θ2 cosφ
(mbz¨b+ zbkbz)+Sy2, (3.116)
z¨b[(mdB +mb)
cos γ + µkd sin θ1 sin γ
sin γ − µkd sin θ1 cos γ +mb
cosφ− µkb sin θ2 sinφ
sinφ+ µkb sin θ2 cosφ
−Amd]
+zb[(kbz +Bkdz)
cos γ + µkd sin θ1 sin γ





cos γ + µkd sin θ1 sin γ
sin γ − µkd sin θ1 cos γ +
cosφ− µkb sin θ2 sinφ
sinφ+ µkb sin θ2 cosφ
)Sz2 (3.117)
where








cos γ + µkd sin θ1 sin γ
sin γ − µkd sin θ1 cos γ+
cosφ− µkb sin θ2 sinφ
sinφ+ µkb sin θ2 cosφ
kbz−Bkdz, (3.119)
mdzb = (mdB+mb)
cos γ + µkd sin θ1 sin γ
sin γ − µkd sin θ1 cos γ+mb
cosφ− µkb sin θ2 sinφ
sinφ+ µkb sin θ2 cosφ
−Amd (3.120)
we get the following cases.
Case 1. Without consideration of the friction.






























50 Modelling of wedge dampers with two-dimensional dry friction






















Figure 3.11: Frequency response of the system for the only a vertically exciting force

























Figure 3.12: Frequency response of the system for both the vertically and laterally
exciting forces on the bolster with the amplitudes 3000N
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Case 2. The friction angles θ1 = θ2 = pi/2 or 3pi/2.
In this case, the motions of the system reduce to a one dimensional vibration






where, for θ1 = pi/2
kdzb1 = (kbz +Bkdz)
cos γ + µkd sin γ





mdzb1 = (mdB +mb)
cos γ + µkd sin γ




for θ2 = 3pi/2
kdzb2 = (kbz +Bkdz)
cos γ − µkd sin γ
sin γ + µkd cos γ
+
cosφ+ µkb sinφ
sinφ− µkb cosφkbz −Bkdz (3.127)
and
mdzb2 = (mdB +mb)
cos γ − µkd sin γ
sin γ + µkd cos γ
+mb
cosφ+ µkb sinφ
sinφ− µkb cosφ −Amd. (3.128)
Case 3. The friction angles θ1 = θ2 = 0 or pi.
In this case, the frequencies of the wedge and the bolster are determined by the
formula (3.121).
Case 4. The friction angles are in the ranges (0, pi/2), (pi/2, pi), (pi, 3pi/2),
(3pi/2, 2pi).
This is a general case, where the three equations of motion are dynamically cou-
pled. The frequencies of the responses of the system will be distributed in a certain
range. For the vertical response of the bolster, the frequency ωzb is in the range
ωzbs < ωzb < ωzb1.
According to the above analysis, the natural frequencies of the wedge and the
bolster are inﬂuenced by the friction direction angles and friction coeﬃcients. In some
special cases, they can be calculated and the results are shown in Table 3.2. Figure
3.11 shows the response to an external force only in the vertical direction. Figure 3.12
shows the response to external forces both in the lateral and vertical directions. We
ﬁnd that the frequency response of the bolster is chaotic in nature[True, 1999-2002].
If the amplitude of the exciting force on the bolster in the vertical direction is
smaller than 1800N, then there is no resonant response because the dry friction will
damp out the vibration. The model shows that the dynamical system is a system of
nonlinear Diﬀerential-Algebraic Equations characterized by discontinuous and multi-
valued factors. The simulation results provide some information for us to understand
the dynamical performances of wedge dampers.
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Table 3.2: Frequencies of the system
md(kg) mb(kg) µkd µkb θ1,2 ωyd(Hz) ωyb(Hz) ωzb(Hz)
8 1906 0 0 - 50.33 5.03 6.87
8 1906 0.3 0.35 pi/2 50.33 5.03 7.32
8 1906 0.3 0.35 3pi/2 50.33 5.03 6.57
The use of the concept of the friction direction angle makes it possible to calculate
the components of the friction force vector in the cases of one-dimensional dry friction
and two-dimensional dry friction as well for the stick state as for the slip state. The
model also provides a successful application of the concept of friction direction angle.
From the numerical results we ﬁnd that if the bolster is only forced to move along
the lateral direction, not only lateral but also vertical vibrations of a wedge will arise;
and more it will induce a vertical vibration of the bolster without any excitation in
the vertical direction but the amplitude of the vertical response is small compared
with the lateral one.
The stick-slip motion will appear in the motions of both a wedge and a bolster
exposed to the lateral and the vertical excitations. The dry friction damping of a
bolster is proportional to the normal forces on the wedge and the friction coeﬃcients.
The normal forces mainly depend on the mass of the car body including loads and
exciting forces. In the case of an empty car, the normal forces on the surfaces of a
wedge will become zero when the excitation amplitudes are large or frequency are
near or equal to the vertical resonance frequency and the separated motions of the
wedge and the bolster will appear.
In this chapter we consider the exciting forces Sy2 and Sz2 to be sinusoidal func-
tions. It is not diﬃcult to extend the model to deal with any other form of excitation.
With the method in this chapter as a basic start, three-dimensional dry friction vi-
bration in mechanical systems could be studied. Without doubt, how to introduce
the model into the complete three-piece-freight-car remains a great challenge. We
will discuss it in the following chapters.
The dynamical performance of the wedge dampers exposed to large and small
excitations have been analyzed. For small amplitude excitations the motions of the
wedge and the bolster are coupled. For certain large amplitudes of the exciting force
or for excitation frequency in the range of the resonant frequency of the system the
motions of the wedge and the bolster are separated.
In the case of coupled motion, the friction damping plays an important role to
prevent resonant vibration of the bolster in vertical direction when it is exposed to
a small amplitude exciting force with arbitrary frequency. If the amplitude of the
exciting force becomes suﬃciently large the dry friction can damp the level of the
response of the system but can not damp out the resonant vibration of the system.
The frequency response of the bolster in vertical direction is chaotic in nature.
C h a p t e r 4
Variable degrees of freedom
systems with two-dimensional
dry friction
In the previous chapter we have found that it is complicated to model the system of
the wedge dampers into a mathematical piece-wise continuous system because of the
action of dry friction. We will further discuss this phenomenon in this chapter.
Among mechanical systems there exist systems in which the degrees of freedom
vary with the diﬀerent motion states of stick or slip caused by dry friction. It is
very important to analyze this kind of system because it is widely used in the three-
piece-freight-truck on railroads. Some investigators [Eich, 1998] have focussed on
this problem only considering one-dimensional dry friction and alternatively refer
it to structural variant system[Reithmeier, 1991] or structure varying system[Eich,
1998]. In this chapter we will extend the structural variant systems caused by stick-
slip motion to two-dimensional dry friction. And more multi-point contact on the
same body with two-dimensional dry friction are considered. The concept of friction
direction angle is used to determine the friction force components both in the stick
and slip motion states. The velocity-dependent dry friction coeﬃcient is used. The
switch conditions to control the motion states of systems and the corresponding acting
friction forces are discussed in detail. The algorithm for the Diﬀerential-Algebraic-
Equations (DAEs) of this kind system will be discussed.
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4.1 Introduction
Among mechanical systems there exist some systems of which the degrees of the
freedom will vary with the change of the acting dry friction force vector. In some
literatures it is referred to as structure varying system[Eich,1998] or structural variant
system [Reithmerier, 1991] where only one-dimensional friction and one contact point
are included. In this chapter we will focus our eﬀort on the multi-point contact on
one body with two-dimensional dry friction. A typical application can be found in
the railway vehicle with three-piece-freight-trucks.
In the investigation on the dynamics of the three-piece-freight-truck the two di-
mensional dry friction must be taken into account. First on the surfaces of the wedge
contacting the side frame and the bolster in the lateral and vertical directions, and
second is on the surfaces of the side frame contacting the top surfaces of the two
adapters in the longitudinal and lateral directions. The former has been investigated
without considering the movement of the side frame in chapter 3. The later diﬀers
from the former in that the motions between the frames and adapters are limited
in longitudinal and lateral directions without any vertical relative motion. Since the
relative velocity between a frame and a wheelset is equal to zero then they will share
the same motion both in longitudinal and lateral directions. These structure varying
systems caused by stick-slip motion can also be found in many ﬁelds of mechanical
engineering.
4.2 The motion of a system with one-dimensional
dry friction
First let us start with a rather simple varying degrees of freedom system as shown
in Figure 4.1. A body on a plate, which is subjected to excitation force F1. We here
only consider the one dimensional dry friction on the contact surface between the
bodies m1 and m2.
The equations of motion of the system can be written as
m1x¨1 = F1 − Fµ, (4.1)
m2x¨2 = Fµ − F2. (4.2)
If we use the following notation
Fµ = µNsign(x˙1 − x˙2) (4.3)
to deﬁne the acting friction force. Here µ is deﬁned by the one of eqns.(1.1)-(1.6).
If we then solve the eqns. (4.1) and (4.2) we ﬁnd that in the stick motion state the
friction force will equal zero. That is not true because the acting friction force in that
case of the stick motion state is not zero unless F1 = F2 = 0! As a consequence, the
numerical integral error will increase with the increase of |µ| and the steps increase

















Figure 4.1: A body on a plate which is subjected to excitation
very much[Eich, 1998]. This behaviour is characteristic for stiﬀ problems because of
the high frequency vibration of the velocity. This way is not suitable for problems of
this kind. Let us therefore consider the following method.
In the stick state the condition
x1 − x2 = 0 (4.4)
holds. The derivative of equation (4.4) with respect to time to ﬁrst and second second
orders yields
x˙1 − x˙2 = 0, (4.5)
x¨1 − x¨2 = 0. (4.6)
When substitute the eqns. (4.1) and (4.2) into the Eq. (4.6) the switch condition for












together with condition (4.5). Here Fµs denotes the static friction force. In this stick
motion state the equation of motion of the system becomes
(m1 +m2)x¨ = F1 − F2, x¨1 = x¨2 = x¨, (4.8)
which means that the degrees of freedom of the system reduces to one.
In which way can the two degrees of freedom of the system described by eqns.(4.1)
and (4.2) automatically change into the one degree of freedom described by Eq.(4.8)?
It can be easily veriﬁed that if the acting friction force for the stick-slip motion is






























































































































Figure 4.2: Left: the relative velocity and displacement of the system Right: acting
and limit friction forces on the system. m1 = m2 =1, |N |=1 , F1 =sin(t), P=0,
x˙1(0)=x˙2(0)=0, µs=µk = 0.4
correctly determined then the system will vary its degrees of freedom from one to


















One can substitute the acting friction force obtained by (4.10) into the equations
(4.1) and (4.2) and will ﬁnd that the two eqns.(4.1) and (4.2) will become identical
to Eq.(4.8).
If any one of the conditions (4.5) and (4.7) is not fulﬁlled then the acting friction
force is determined by the kinematic friction coeﬃcient multiplied by the normal
force with Eq. (4.3). In this case the system returns to a two degrees of freedom
system.
The numerical results are shown in Figure 4.2 where the same notation are used
as [Eich,1998], and the Eq.(1.1) is used to determine the friction coeﬃcient. The
responses are completely identical with the results in[Eich, 1998] and in addition the
friction force is also provided. If we use the diﬀerent values of the static and kinetic
friction coeﬃcients of µs = 0.4 and µk = 0.2, we obtain the results shown in Figure
4.3. The ﬁgures show that the acting friction forces for the stick motion are not zero.
The example shows that systems like the above one can be successfully modelled
using our deﬁnition of the variable degrees of freedom system. Next a more complex
structural variant system with two-dimensional dry friction which can be used in the
system as shown in Figure 1.3 will be discussed in detail.

























































































































Figure 4.3: Left: the relative velocity and displacement of the system Right: acting
and limit friction forces on the system. The keys are same as Figure 4.2 except µs
= 0.4 and µk =0.2 with friction function (1.2)
4.3 The motion of a frame contacting two plates
with two-dimensional dry friction
Figure 4.4 shows a mechanical system in which a frame on two plates which are
subjected to excitations in both the x and y directions, where the friction forces
act on the surfaces of the frame contacting two plates. The contacts between the
plates and the ground are assumed completely smooth without any friction and the
distance a as shown in Figure 4.4 is assumed as a constant without any change with
the motion of the system.
m1x¨1 = Fx1 − Fkx1 − Fx1µ, (4.11)
m1y¨1 = Fy1 − Fky1 − Fy1µ, (4.12)
m2x¨2 = Fx2 − Fkx2 − Fx2µ, (4.13)
m2y¨2 = Fy2 − Fky2 − Fy2µ, (4.14)
m3x¨3 = Fx1µ + Fx2µ − Fkx3 − Fx3, (4.15)
m3y¨3 = Fy1µ + Fy2µ − Fky31 − Fky32 − Fy31 − Fy32, (4.16)
Izψ¨ = a(Fy1µ − Fy2µ)− a(Fy31 − Fy32)− a(Fky31 − Fky32) (4.17)
where
Fkxi = kxixi, Fkyi = kyiyi, i = 1, 2, (4.18)
Fky31 = ky31(y3 + aψ), Fky32 = ky32(y3 − aψ). (4.19)





















































Figure 4.4: A frame on two plates with two dimensional dry friction. a = 1 m.
and a denotes the distance from the mass center of the frame to the frame/plate
contact point.
4.3.1 The slip motion of the system
In the phase of the slip motion of the system the friction forces on the two contact
surfaces can be determined by the method described in chapter 2 and [Xia, 2002].
Fxiµ = Niµ cos θi
Fyiµ = Niµ sin θi
}
, (Vxi3 ∨ Vyi3 6= 0) | (Vxi3 ∧ Vyi3 = 0,




, (Vxi3 ∧ Vxi3 = 0, |Finxi| < |Fxiµs|, |Finyi| < |Fyiµs|) (4.21)
where i = 1, 2; Ni stands for the normal force on the contact surfaces between frame
and plate 1, 2 respectively; the friction direction angle θi is deﬁned by
θi =
 χ(Vxi3, Vyi3), (Vxi3 ∨ Vyi3 6= 0)ψ(Finxi, Finyi), (Vxi3 ∧ Vyi3 = 0, Finxi ∨ Finyi 6= 0)∅, (Vxi3 ∧ Vyi3 ∧ Finxi ∧ Finyi = 0) (4.22)
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where Finxi, Finyi stands for the input forces and ∅ is the empty set of θi. The relative
velocities Vxi3, Vyi3 will be determined in the next section 4.3.2.
Obviously the independent degrees of freedom of the system are seven for the slip
motion state.
The static friction forces in the two orthogonal directions in the above formulae
(4.20)-(4.21) can be determined by
Fxiµs = <(θi)Niµs cos θi
Fyiµs = <(θi)Niµs sin θi
}
, i = 1, 2 (4.23)
where <(θi) is deﬁned by (2.18).
4.3.2 The stick motion of the system
First the switch conditions for the stick motion of the system will be derived and
then corresponding acting friction forces be determined. It is known that in the stick
motion state between the frame and the two plates the kinematic constraints
x1 = x3, x2 = x3, y1 = y3 + aψ, y2 = y3 − aψ (4.24)
hold at same time. If any one of the constraints is broken then the slip motion on
the corresponding contact surface will immediately start.
It is also known that in the case of two-dimensional friction if the motion in one
direction is slip motion then the state in the orthogonal direction must be a slip
state because slip in any direction means that the corresponding relative velocity is
diﬀerent from zero. Similarly if the motion in the x direction is stick then the motion
is stick too in the y direction, and vice versa.
Taking the second derivative of the constraints (4.24) with respect to time and
combining the result with the eqns. (4.11)-(4.19) the switch conditions for the stick
motion can be derived as following







































and from y¨1 = y¨3 + aψ¨ and y¨2 = y¨3 − aψ¨ other two relations are produced
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with the kinematic conditions
Vx13 = x˙1 − x˙3 = 0, Vy13 = y˙1 − y˙3 − aψ˙ = 0, (4.29)
Vx23 = x˙2 − x˙3 = 0, Vy23 = y˙2 − y˙3 + aψ˙ = 0. (4.30)
The above conditions (4.25)-(4.30) are called the switch conditions. If all the
conditions are fulﬁlled at same time, then the degrees of freedom of the system
become three. If any one condition of the four conditions (4.25)-(4.28) or any one
of the kinematic constraint (4.29) or (4.30) is broken then the motion between the
frame and the plate 1 or 2 is slip motion. In that case the independent degrees of
freedom of the system becomes ﬁve.
In the above switch conditions, Fx1µs, Fx2µs, Fy1µs, Fy2µs denote the components
of the static friction force vectors on contact the surfaces of the frame and the two
plates in the x and y directions. They are determined by the normal force, static
friction coeﬃcient and friction direction angles.
We now consider three cases:
Case 1, stick everywhere. From eqns.(4.25)-(4.28) the acting friction forces, Fx1µ,
Fx2µ, Fy1µ, Fy2µ for the stick motion of the system, can be determined by solving
the following equations
e11 e12 0 0
e21 e22 0 0
0 0 e33 e34













 , Vx13 ∧ Vy13 ∧ Vx23 ∧ Vy23 = 0,(Fxiµ ≤ Fxiµs)∧




















































































Fky31 + Fky32 + Fy31 + Fy32
m3
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Fky31 + Fky32 + Fy31 + Fy32
m3
−
a2(Fy31 − Fy32 + Fky31 − Fky32)
Iz
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(Vx13 = 0) ∧ (Vy13 = 0)∧





Fx2µ = N2µ(V2) cos θ2, Fy2µ = N2µ(V2) sin θ2 (4.33)
















(Vx13 6= 0) ∨ (Vy13 6= 0)∧









V 2xi3 + V
2
yi3, i = 1, 2. (4.36)
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In the above two cases the degrees of freedom are ﬁve. In order to calculate the friction
direction angles, the input forces, Finxi, Finyi in the stick motion state are required.
Actually they are equal to the acting friction forces but in opposite directions. With
known input forces and known relative velocities the friction direction angles can now
be determined both in the stick and slip motion states.
After the determination of the acting friction forces both for the stick and slip
motion states the discontinuous system can be transformed into a piece-wise diﬀer-
entiable system. From a mathematical point of view general numerical integration
schemes can be used for the dynamical system.
4.4 Numerical simulation
4.4.1 Numerical method
For the slip motion of the system the equation of motion of the system can be written
in the ﬁrst order ordinary diﬀerential equation in the general form as
q˙ = f(q, z), (4.37)
z = Const. (4.38)
where
q = [x1 y1 x2 y2 ψ x˙1 y˙1 x˙2 y˙2 ψ˙]T (4.39)
and z is related to the kinematic friction forces. When the motion of the system
goes into stick motion, the independent degrees of freedom of the system is less than
the degrees of freedom of the system with slip motion. In this case some kinematic
constraints must be added. From a mathematical point of view, the ODEs system
now becomes a DAEs system. In general form the DAEs can be written as
q˙ = f(q, z) (4.40)
0 = g(q, z) (4.41)
where z is now a variable vector and is related to the acting friction forces.
In our system the constraint equation (4.24) is actually related only to the position
variables
0 = g(q) (4.42)
The system is called a DAE system with index-3 [Hairer, 1991][Brenan, 1989][Bendt-
sen, 1999]. In order to change the problem into an index-1 problem, we need to
diﬀerentiate the algebraic equation(4.24) twice with respect to time as we have done
in the section 4.3.1. Then the variable vector z can be found from
Az = F (4.43)
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where the entries of the matrix A and the elements of the vector F are determined by
the eqns. (4.31)-(4.35). The DAEs with index-1 problem can be numerically solved
with Runge-Kutta scheme but other solvers apply as well[Bendtsen, 1999]. The ﬂow
of the algorithm is shown in Figure 4.5.
Relative velocities: V
Input forces = acting friction forces
Switch conditions
NY
Acting friction forces     Acting friction forces
System equations
Integrator
      Friction direction angles
Components of friction force vectors
Stick mode assumption
Calculate acting friction forces
v r
Figure 4.5: The ﬂow of the algorithm for the variable degrees of freedom system
At the start of the algorithm it is recommendable to assume the motion of the
system to be a stick motion.
4.4.2 Numerical studies
For the numerical studies the harmonic excitations are used as
Fxi = Axisin(qxit), Fyi = Ayisin(qyit), i = 1, 2, 3, (4.44)
Fy3i = Ay3isin(qy3it), i = 1, 2 (4.45)
where Ax.. denotes the amplitude of the excitation and qx.. stands for the frequency
of the excitation. The gravity acceleration in the numerical studies here is set to be
1m/s2. The parameters of the system for the case studies are shown in Table 4.1.
Case 1
The left four curves of the Figure 4.6 show the relative motions between the plate 1
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Table 4.1: The parameters of the system for the case studies
Parameter Unit Case 1 Case 2 Case 3 Case 4 Case 5 Case 6
Ax1 N 0.4 0.4 0.4 0.4-0.5 0.6 0.3
Ay1 N 0 0 0.4 0.4-0.5 0.45 0.3
Ax2 N 0 0.2 0 0.4-0.5 0.45 0.2
Ay2 N 0 0 0 0.4-0.5 0.45 -0.2
Ax3 N 0 0 0 0 0 0.5
Ay31 N 0 0 0 0 0 0.2
Ay32 N 0 0 0 0 0 -0.2
qx1 rad/s 1 1 1 1 1 2
qy1 rad/s 0 0 1 1 1 2
qx2 rad/s 0 1 0 1 1 2
qy2 rad/s 0 0 0 1 1 2
qx3 rad/s 0 0 0 0 0 1
qy31 rad/s 0 0 0 0 0 1
qy32 rad/s 0 0 0 0 0 1
N1 N 0.5 0.5 0.5 0.5 0.5 0.5
N2 N 0.5 0.5 0.5 0.5 0.5 0.5
kx1 rad/s 0 0 0 0 0 1
ky1 rad/s 0 0 0 0 0 1
kx2 rad/s 0 0 0 0 0 1
ky2 rad/s 0 0 0 0 0 1
kx3 rad/s 0 0 0 0 0 1
ky31 rad/s 0 0 0 0 0 1
ky32 rad/s 0 0 0 0 0 1
m1 Kg 1 1 1 1 1 1
m2 Kg 1 1 1 1 1 1
m3 Kg 1 1 1 1 1 1
µk 0.3 0.3 0.3 0.3 0.3 0.3
µs 0.4 0.4 0.4 0.4 0.4 0.4
Friction
function (1.1) (1.1) (1.3) (1.3) (1.3) (1.3) (1.3)
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and the frame under the external force only in the x direction, where the diﬀerence
of the displacements is equal to constant when the stick motions take place. The
right four curves of the Figure 4.6 show the relative motions between the plate 2
and the frame in the x-direction. The motion between the plate 2 and the frame are
a stick motion because the acting friction force components on the contact surface
between the plate 2 and frame are always less than the corresponding static friction
force components. Left four curves of Figure 7 show the motion of the plate 2. Right
four curves of Figure 4.7 show the friction forces on the two contact surfaces. The
modulus of the friction force on the surface between the plate 2 and frame is always
equal to the half that of the friction force on the surface between the plate 1 and the
frame when the motion between the plate 1 and the frame is in the slip motion state.




















































































































Figure 4.6: Left: the relative velocity and the relative displacement between the plate
1 and the frame with friction function(1.2). Right: the response of the plate 2.
Case 2
An interesting phenomenon is that if an external force acts on the plate 1 and only
in the x-direction with an amplitude of 0.4 N and a frequency of 1rad/s and another
external force acts on the plate 2-also in the x-direction-with an amplitude of 0.2N
and a frequency of 1rad/s then all the relative motions are zero. In this case the
motion of the system is complete stick motion and the acting friction forces on the
surface between the plate 2 and the frame are zero.
Case 3
Next the two-dimensional motions of the system are considered. The parameters of
the system for this case are shown in Table 4.1. The results are shown in Figure 4.8.
In this case the yaw of the frame is diﬀerent from zero as shown in Figure 4.9 and
the motion between the plate 2 and the frame in the y direction is always stick with
the frame because the acting friction force on the contact surface between the frame
and plate 2 is always less than the corresponding static friction force. The friction
forces are shown in the right four curves of the Figure 4.9.
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Figure 4.8: Left: the relative velocity and the relative displacement between the plate
1 and the frame in the x direction with friction function (1.3). Right: the relative
velocity and the relative displacement between the plate 1 and the frame in the y
direction.































































































































Figure 4.9: Left: the yaw of the frame with friction function (1.3). Right: the friction
forces.
Case 4
As another example we start with the amplitudes of the external force being 0.4 N as
shown in Table 1 on both the plate 1 and plate 2 both in x and y directions. In this
case the motion of the system is deﬁnitely a stick motion. If the amplitudes of all
the external forces are increased at same time then it is found that if the amplitudes
are less than 0.42 N then all motions of the system are stick. Figure 4.10 shows the
results when the amplitudes of the external forces are 0.5N . In this case the yaw of
the frame is zero as it should be.
Case 5
If the diﬀerent amplitudes of the excitations on the two plates in the x or y directions
are used then the yaw of the frame is obviously diﬀerent from zero. As an example,
we may use the the values of the excitations as shown in Table 1. This example shows
that the diﬀerence amplitude of the excitations on the plate 1 and plate 2 is only in
x direction. But we can ﬁnd that the yaw of the frame still takes place. The results
are shown in Figures 4.11-4.14. The reason that the yaw of the frame is diﬀerent
from zero is caused by the diﬀerent components of the friction force vectors in the
y direction on the two contact surfaces in the stick motion state although they are
identical in the slip state.
Case 6
Finally we set the parameters of the system as shown in Table 1, then the resulting
motions are shown in Figure 4.15 and Figure 4.16. We ﬁnd that the distribution
of the friction forces on the contact surfaces are complicated in the stick motion of
the system. In the slip motion they are not on a circular orbit because the kinetic
friction coeﬃcient depends on the relative velocity.
From the above discussion it is known that the system of multi-point contacts on
one body with two-dimensional dry friction can be modelled as a structural variant
system characterized by the stick and slip motion.
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Figure 4.10: Left: the relative velocity and the relative displacement between the plate
1 and the frame in the x direction with friction function(1.3). Right: the relative




























































































































Figure 4.11: Left: the relative velocity and the relative displacement between the plate
1 and the frame in the x direction with friction function (1.3). Right: the relative
velocity and the relative displacement between the plate 1 and the frame in the y
direction.




























































































































Figure 4.12: Left: the relative velocity and the relative displacement between the plate
2 and the frame in the x direction with friction function (1.3). Right: the relative


































































































































Figure 4.13: Left: the yaw of the frame with friction function (1.3) Right: the friction
forces.
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Figure 4.14: The friction forces with friction function (1.3). Upper subplots: static
friction forces; Lower subplots: acting friction forces.













































































































Figure 4.15: Left: the relative velocity and the relative displacement between the plate
2 and the frame in the x direction with friction function (1.3). Right: the relative
velocity and the relative displacement between the plate 2 and the frame in the y
direction with friction function (1.3).
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Figure 4.16: Left: the yaw of the frame with friction function (1.3). Right: the
friction forces with friction function (1.3).
The independent degrees of freedom of the structure varying systems will vary
according to the combinations of the stick-slip motions on the two surfaces in contact.
The stick-slip motions are determined by the switch conditions and the corresponding
acting friction forces.
If the acting friction forces are correctly evaluated with the corresponding switch
conditions for the stick-slip motion then the degrees of freedom of the system will vary
automatically. In other words, the discontinuous system will automatically becomes
a piecewise diﬀerentiable system.
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C h a p t e r 5
Rolling contact between the
wheels and the rails
The wheel and rail meet at a wheel/rail interface where the interaction between the
steel wheel and the steel rail generates the necessary conditions for a railway vehicle
to run stably on the track but it may also damage the rails and the wheels because
of the high contact stresses. The stability of a moving railway vehicle depends on
the linear or nonlinear critical operating speed, the lateral dynamic behavior, the
adequate guidance and the ability of negotiating a curved track. The damage of the
rails and the wheels involves wear of the rails and the wheels, corrugation, fatigue
etc. An optimized railway system is one that satisﬁes high stability requirements
and a low damage rate of the rails and the wheels. These aspects must be taken into
account in the design of a bogie or a complete railway vehicle.
The contact is often described by as well the kinematical constraints(geometrical
contacts) as dynamical constraints(physical contacts). For the kinematical con-
straints the rigid assumption of the wheelset and rails is usually used[De Pater,
1999, Kik, 1994]. The dynamical constraints based on the rigid assumption is used
in the traditional method[De Pater, 1999]. In recent years based on the elastic con-
tact is used[Pascal,1991]. Many investigators precalculate the kinematical constraint
parameters and collect them in a table and then the dynamical calculation will use
interpolated contact values based on the tabulated ones. We do it diﬀerently: The
kinematical constraint parameters are evaluated on-line.
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5.1 The kinematic constraints between the wheels
and the rails
The eﬀect of the kinematic constraints between a wheelset and a track goes back to
Stephenson and later Klingel[Klingel,1883] who assumed a conical wheelset, which is
roll on knife edge rails. Realistic wheel and rail proﬁles are often deﬁned by segments
of arcs of circles and polynomials. Wickens [Wickens,1965] improved the accuracy
of Klingel's analysis for the case where the rail and wheel proﬁles are assumed to be
circular arcs. The solution for the circular arc proﬁles is normally only valid for small
lateral wheelset displacements. In the general case the wheel and rail proﬁles have
other shapes due to wear and may be derived from proﬁle measurements. It is not
possible to obtain an analytic solution for the kinematic constraints with arbitrary
wheel and rail proﬁles, so numerical methods are needed.
In the early numerical methods, the geometric contact between the track and
the wheelset is considered to be two-dimensional[Cooperrider and Law, 1976], so
that the eﬀect of the yaw angle is ignored. More accurate theories for determin-
ing the geometric contact in three dimensions have been developed by Heumann
[Heumann,1950-1953], De Pater[De Pater,1979, 1988, 1999], Duﬀek[Duﬀek,1982] and
K. Wang[Wang,1984]. The eﬀect of the track curves of the track in the horizontal
and vertical directions has been analyzed and it was shown that the eﬀect can be
neglected by F. Xia[Xia, 2000].
The coordinate systems for the description of the wheelset, the rails and the
contact geometry are shown in Figure 5.1.
It is necessary to know the geometrical relations between the proﬁles of the wheel
and the rail for the central position of the wheelset, because they are the basic for
the determination of the contact parameters. The contact parameters are strongly
inﬂuenced by the combination of the proﬁles of the wheel and rail and the dimensions
of the wheelset and track. Figure 5.2 shows the relation between the right hand side
wheel and rail for the central position of the wheelset.
We can ﬁnd from Figure 5.2 that the initial contact point (the wheelset in its
central position) is characterized by the side gauge of the wheelset, the proﬁles and
the inclination of the rail. In the general case the rolling radius on the initial contact
point is not equal to the rolling radius that is measured at the vertical line 70 mm
away from the inside gauge. In Europe the side gauge is usually 1360 mm but in
China the value is 1353 mm.
The geometrical method ﬁrst determines the same minimal distances between
the two surfaces of the left hand and right hand side wheels and the corresponding
rail proﬁles through adjusting the rolling angle of the wheelset for the given lateral
displacement and yaw of the wheelset. After ﬁnding the contact point the corre-
sponding geometrical contact parameters can be determined. This method for the
two-dimensional contact problem has been used and implemented into a code RS-
GEO by Kik[Kik, 1994]. For the three-dimensional geometric contact problem, the
two dimensional search on the surface of the wheel in the longitudinal and lateral di-
rections are needed, so the computational time is high. This method is impossible to


























































Figure 5.2: The geometrical relation between a wheel proﬁle and a rail proﬁle
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apply for the on-line evaluation of the kinematic constraint parameters. In practice
the pre-calculated parameter data are collected in a table once and for all. Another
method replaces the surface of the wheel by the so-called trajectory on the tread
of the wheel. The minimal distance comparison is processed between the trajectory
and the proﬁle of a rail[K. Wang, 1984], so the spatial curve surface is simpliﬁed to a
spatial line. In this way the higher calculation eﬃciency makes it possible to perform
the on-line evaluation of the kinematic constraint parameters.
The mathematical method is on a derivation of a set of algebraic equations. The
set describes the contact relations for the contact between a wheel and a rail. Then
it is solved numerically to get the contact parameters[De Pater, 1995, Xia 2000].
The kinematic constraint parameters enter the simulation of the vehicle dynamics
on the track in two diﬀerent ways. Either a table of the kinematic constraints for
the entries of the lateral and yaw is made and then the parameters can be obtained
by interpolation for the given lateral and yaw values of the wheelset. It is fast but
the accuracy is not high. Another way is the so-called on-line evaluation. With this
method the kinematic constraint parameters are calculated implicitly in the dynami-
cal calculation. In this way the results are more accurate and easier to combine with
the physical contact calculation.
5.1.1 The proﬁles of a wheel and a rail
The simplest contact model of rail/wheel contact is to assume the wheel to be cone
and the rail to be a knife edge or an arc of a circle. This model can be used to calculate
the linear critical speed[Wickens,1965]. The realistic proﬁles are often deﬁned by
segments of arcs of circles and cones. The new wheel and rail proﬁles are called
theoretical proﬁles. The worn proﬁles can only bee deﬁned by the measured data.
As well measured as theoretical proﬁles are used for the purpose of the simulation
of the motion of the railway vehicles. For the theoretical proﬁles, it is easy to get the
discrete data. However, for the measured proﬁles a little care has to be exercised in
using a curve ﬁtting method since not only are the smooth proﬁles needed but also
their derivatives up to at least the second.
In general, the proﬁles of a wheel and a rail can be described by the functions
ζr = f(ηr), ζw = f(ηw) (5.1)
where we introduce two new frames, one is (Cr, ξr, ηr, ζr). The origin Cr is located
on the wheel/rail contact point on the rail for the central position of the wheelset;
another is (Cw, ξw, ηw, ζw) which the origin Cw is on the wheel. The derivatives of
the ζr and ζw with respect to the ηr and ηw respectively are associated with the
contact angles γr and γw, which are deﬁned as the angle between the contact plane




= f ′(ηr), tan γw =
dζw
dηw
= f ′(ηw). (5.2)
5.1 The kinematic constraints between the wheels and the rails 77








The wheel tread proﬁle we use in this thesis is called LM. It is widely used in the
three-piece-freight-trucks on the Chinese railways. The proﬁle of the rail is called 60
kg/m which is also the standard one used in China. Figures 5.3 and 5.4 show the
theoretical proﬁles of LM and 60 kg/m. From the measured data of the proﬁles data-
ﬁtting methods are used to obtain the ﬁtted proﬁles and the corresponding ﬁrst and
second derivatives as well. As formulae (5.2) and (5.3) shows, the ﬁrst and secondary
derivatives are used for the calculation of the contact angles and the curvatures at
the contact points.
The B-spline curve ﬁtting method applied by Kik[1994] in the code RSPROF,
however the approximations must be done very carefully, especially if a proﬁle is
given by measured data[Slivsgaad, 1995].
The piece-wise curve ﬁtting method was suggested by De Pater and implemented
by Xia[Xia, 1998] where several polynomial segments which have smooth derivatives
up to the fourth are used. The result is sensitive to the numbers of the segments
and the ﬂange curvature as well. Anyhow, for the simulation of the dynamics of the
vehicles only part of the proﬁles are needed. From Figures 5.3 and 5.4 we know that
the points on the proﬁle of the wheel can be neglected for points less than 30 mm and
larger than 120 mm in the lateral coordinate; For the rail proﬁle, the points larger
than 20 mm in the vertical coordinate can be neglected. In that way the piece-wise
curve ﬁtting method works well.
The measured data of the proﬁle of LM and 60 kg/m were obtained by the tool
MiniProfTM . The ﬁtted proﬁles with piece-wise curve ﬁtting are shown in Figures
5.5 and 5.6. We use 8 polynomial segments to ﬁt the proﬁle of the wheel tread. For
the proﬁle of the left rail 19 polynomial segments are used.
Figure 5.3 shows the theoretical proﬁle of the wheel LM and its ﬁrst, secondary
derivatives and the curvature. Figure 5.4 shows the theoretical proﬁle of rail 60k/m.
The theoretical proﬁles are used to investigate the nonlinear characteristics on
perfect tangent track. The measured proﬁles are used to simulate the dynamical
responses of the vehicle on tangent track with irregularities.
5.1.2 On-line evaluation of the kinematic constraint parame-
ters
A wheelset has six degrees of freedom, three displacements uw, vw, ww and three ro-
tations φw, θw and ψw. When it runs on two rigid rails two constraints are produced.
Hence, the position of the wheelset can be described by four of the six coordinates
uw, vw, ww, φw, θw and ψw and we shall choose ww and φw as dependent coordinates,
which can be found as functions of vw and ψw but other two independent variables
uw and θw have no eﬀect on the dependent variables ww and φw.
78 Rolling contact between the wheels and the rails














































Figure 5.3: The theoretical proﬁle of wheel LM used in the three-piece-freight truck
on Chinese railways















































Figure 5.4: The theoretical proﬁle of rail 60k/m used in the main track in China




















































Figure 5.5: The ﬁtted proﬁle with piece-wise curve ﬁtting method for the measured
data of the proﬁle of wheel LM used in the three-piece-freight truck on Chinese rail-
ways.
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Figure 5.6: The ﬁtted proﬁle with piece-wise curve ﬁtting method for measured data
of the proﬁle of the left hand rail 60 kg/m used in the main track in China
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De Pater developed the mathematical method to determine the kinematic con-
straint parameters[De Pater 1995-1999]. His ﬁrst order theory was introduced to get
a simple method. By the ﬁrst order theory, the kinematic constraint parameters of
the contact angle, roll angle and the vertical displacement of a wheelset only depend
on the lateral displacement of the wheelset, in other words, the eﬀect of the yaw
of the wheelset is neglected. G. Yang[Yang, 1993] extended the method to the case
where the yaw of the wheelset is considered. F. Xia[Xia, 2000] analyzed a general
case where not only the lateral and yaw of the wheelset are included but also the
eﬀects of the curvatures of the track in horizontal and vertical directions are consid-
ered. The results show that if the yaw is small and the vertical curvature is small
then the diﬀerence between the exact theory and the ﬁrst order theory is negligible.
In the case the contacting bodies are assumed to be rigid we use the two contact
conditions: (1) the positions of the contact points of the wheel and rail should be
identical in space; (2) at the contact point the unit normal vector of the surface
coincides with the one of the corresponding wheel surface. Then the ﬁrst order
theory yields simpliﬁed kinematic constraint equations[Xia, 2000]:
rφ∓ (ηrj − ηwj) = v − vrj ,
w ± bφ− (ζrj − ζwj) = wrj , (j = 1, 2), (5.4)
±φ+ γrj − γwj = ±φrj
and
ξrj = u∓ bjψ, (5.5)
ξwj = ±rψ tan γrj (5.6)
where r denotes the rolling radius; φ, ψ are the roll and yaw angles of the wheelset
respectively; u, v, w denote the longitudinal, lateral and vertical displacements of the
wheelset respectively; b is the half gauge; bj denotes the distance from the mass center
of the wheelset to the wheel/rail contact points. vr, wr, φr are the parameters that
describe the irregularities of the track. ξr, ξw denote the longitudinal displacements
of the contact point on the wheel tread and the rail. The index j = 1 denotes the
right rail and j = 2 denotes the left rail; for j = 1 we use the upper sign of the ∓ or
± and for j = 2 we use the lower sign.
To solve the above nonlinear algebraic equations the Newton-Raphson's method
is used but special attention should given to the points where double-point contact
occur. In that case the prediction-correction method may provide a way to overcome
the numerical problem[Seydel, 1988, Xia,1996].
Now we introduce another widely accepted geometrical method to determine the
kinematical constraint parameters. For the reason of simplicity, the origin o of the
reference coordinate system (o, x, y, z) is selected on the mass center of the wheelset.
The lateral displacement and the yaw and roll rotations of the wheelset are vw, ψw
and φw respectively.
C denotes the contact point, C0 is the lowest point of the rolling circle and
O1Or denotes the common normal line through the point C(see Figure 5.7). For

























Figure 5.7: The three-dimensional relation between a wheel and rail
the known lateral displacement, the known yaw of the wheelset and the known track
irregularities, the contact trajectory on the tread of the right wheel can be determined
by the following formulae[Wang, 1984]
x = xow + lxrwtgγ,
y = yow − rw1− l2x
(l2xlytgγ + lzm) + vw, (5.7)
z = zow − rw1− l2x
(l2xlztgγ − lym)
where γ = γw − φw denotes the contact angle and
lx = −cosφwsinψw,
ly = cosφwcosψw, (5.8)
lz = −sinφw (5.9)
denote the direction of the center line of the wheelset, and
xow = bwrlx,
yow = bwrly, (5.10)
zow = bwrlz (5.11)
denote the coordinates of the center of the rolling circle in the reference coordinates
(o, x, y, z) and bwr is the distance between the mass center of the wheelset and the
contact point. The parameter m is
m =
√
1− lx(1 + tg2γ). (5.12)
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Figure 5.8: The possible contact points between the theoretical wheel and rail proﬁles
LM/60kg/m with inclination 1/40
The trajectory for the left wheel/rail contact can be derived in the same way. After
obtaining the trajectory then the contact points are determined by comparing the
minimal distances between the contact trajectory and the proﬁles of two rails.
The eﬀect of the four general irregularities in tangent track: The variation of the
track gauge and the cross-level are incorporated in the determination of the contact
position, and the lateral and vertical alignments are incorporated in the motion of
the track reference frames.
5.1.3 Some results and a discussion of the contact point cal-
culations
The computer program WRKIN has been developed to perform the calculations
according to the theory outlined in section 5.1.2. The program is used to calculate the
kinematic constraint parameters for the three dimensional wheel/rail contact and the
dimensions of the contact area and the penetration between the wheel and the rail for
the 1 N normal load. For the investigation of the kinematical constraints the proﬁle
of the LM wheel used in the three-piece-freight-truck in China and the proﬁle of the
rail 60kg/m also used in China are taken. The inclination is 1/20(40). The possible
contact points between the wheel and the rail in dependence on the displacement
of the wheelset indicate the domain of wear on the wheel and rail proﬁles. The
distribution of the contact points not only depends on the combinations of the proﬁles
of the wheel and the rail but also depends on the side gauge of the wheelset and the
inclination of the rail. Figures 5.8 and 5.9 show the possible contact points for the
combinations of the theoretical proﬁles of the wheel LM and the rail 60 kg/m and the
combinations of the theoretical proﬁles of the wheel DSB97(Danish proﬁle) and the
rail UIC60, respectively. We have found that the contact interval of the combinations
of the LM/60kg/m is less than the combinations of the DSB97/UIC60 for the rail
inclination 1/40. Figure 5.10 shows the penetration of the wheel LM into the rail
60kg/m under 1N normal load. Figure 5.8 shows the possible contact points between
the wheel and the rail in dependence on the lateral displacement of the wheelset. In
order to display the eﬀect of both the lateral displacement and the yaw of the wheelset
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Figure 5.9: The possible contact points between the theoretical proﬁles of the wheel
DSB97 and the rail UIC60 with inclination 1/40





















Figure 5.10: The penetration q(1) under the 1N normal force. The solid line de-
notes the right wheel/rail penetration and the solid line with 'o' on it denotes the left
wheel/rail penetration.























Figure 5.11: The contact angle on the left side hand wheel
on the kinematical constraint parameters the contact angles on the contact points,
the roll angle of the wheelset and the vertical displacement of the wheelset are shown
in the Figures 5.11, 5.12, 5.13 and 5.14.
Figures 5.15 and 5.16 show the eﬀect of both the lateral displacement and the yaw
of the wheelset on the semiaxes, a and b of the contact ellipse according to Hertz's
theory and Figure 5.17 then shows the penetration inﬂuenced by both the lateral
displacement and the yaw of the wheelset.
5.2 Dynamical constraints between a wheel and a
rail
5.2.1 Determination of the normal loads
The normal loads in the contact area make the wheel/rail penetrate each other to form
the contact patch. The dimension of the patch is used to determine the tangential
forces between the wheel and the rail. The determination of the normal loads is not
diﬃcult if the dynamical contribution of the wheelset be left out of consideration.
In that case, the solution for a static equilibrium of the wheelset on the two rails is
needed. The problem will become more complicated for the case that the dynamical
eﬀect on the wheelset in the vertical direction and the roll rotation is included.
The normal loads are the combination of the static and dynamical acting forces. A
wheelset has six degrees of freedom in its free state. When it is put on the two rails












































Figure 5.13: The roll of the wheelset
















































Figure 5.15: The eﬀect of both the lateral displacement and the yaw of the wheelset
on the semi-axle a on the right-hand side contact point





























Figure 5.16: The eﬀect of both the lateral displacement and the yaw of the wheelset





























Figure 5.17: The eﬀect of both the lateral displacement and the yaw of the wheelset
on the penetration q(1) on the right-hand side contact point
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the two kinematic constraints are produced. If we assume that both the wheelset and
the rails are rigid then we may derive four independent equations of motion of the
wheelset together with two kinematic constraint equations. The normal forces can
be found from the two kinematic constraint equations[Sauvage, 1990]. If the elastic
assumption is used then the two kinematic constraint equations are free, in that case
the Hertzian springs must be introduced as force connecting elements between the
wheels and rails in order to keep the wheelset in contact with the track in the normal
case.
Two methods are widely used to determine the normal force between a wheel and
a rail[Sauvage, 1990]. One is called the rigid model. It considers the wheel and the
rail as rigid bodies, where the two kinematical constraints exist among the six degrees
of freedom of a wheelset on two rails. Then we can use the two dynamical equations of
the vertical and the roll movements of the wheelset and the two kinematic constraints
to determine the normal contact forces both on the left and right wheel/rail contact
patches. A shortcoming of this method is that it can not yield the correct normal
force when the wheel lifts the rail.
Another method to determine the normal force considers the elastic contact be-
tween the wheel and the rail. The key point in this method is to consider the
penetration of the wheel into the rail[Slivsgaard, 1995][Sauvage, 1990]. In that case
the six degrees of freedom of the wheelset are all independent. Pascal [Pascal, 1991]
proposed a method where the penetration for the 1N normal forces are calculated
ﬁrst and collected into a table. When the penetration under the acting forces on the








where the penetration q(1) will be discussed next.
The penetration q(Nw) may be determined by the way shown in the paper
[Sauvage,1990]. Anyhow the Hertzian stiﬀness is very high, about 109N/m, this
method requires very small calculation stepsabout one microsecond[Sauvage,1990].
The calculations of the strong nonlinear dynamic system will then be restricted by
the calculational eﬃciency.
Here we shall use the static-dynamical method to calculate the normal force
between a wheel and a rail. First the static normal loads are determined with the
speciﬁed lateral displacement and the yaw rotation of the wheelset by means of
the static equilibrium equations with an iteration algorithm. Then the penetration
caused by the dynamical forces along the normal to the tangent contact plane is
determined in the following way.
According to Kalker[Kalker,1990], the penetration qn for the given semiaxes a
and b of the contact patch is given by
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K(k) and E(k) denote elliptical integrals. k depends on the ratio between the axes
a and b which are given by[Garg, 1982]
a = m[3piNw(K1 +K2)/4K3]1/3, (5.16)
b = n[3piNw(K1 +K2)/4K3]1/3 (5.17)







, K3 = Dx +Dy (5.18)
Gw, Gr denote the shear modulus of elasticity of the wheel and rail materials, respec-
tively; νw, νr stand for the Poisson's ratio for the wheel and rail materials, respec-
tively.





Under the assumption of elastic contact between the wheel and rail the Hertzian
stiﬀness can be introduced to describe the elastic contact force. In this way, the
normal load is determined by the Hertzian nonlinear theory from[Jenkins,1974]








where the constant Ghertz depends on the elastic moduli and radii of curvature of
the wheel and rail. For conical wheel proﬁles
Ghertz = 4.57r−0.149 × 10−8, (m/N2/3), (5.21)
and for worn proﬁles:
Ghertz = 3.86r−0.115 × 10−8, (m/N2/3). (5.22)
Here r denotes the rolling radius of the wheel. However by comparing the results
between the traditional method and the new one we ﬁnd that the value is small .
The suitable value of the Ghertz for the proﬁles used in this thesis is about 10−6. In
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we can ﬁnd that the Hertzian stiﬀness is about 1011 for the Ghertz in (5.21). Therefore
the large Ghertz should be selected.
The dynamical penetration caused by the dynamical forces on the wheelset can
be considered as a ﬂuctuation around the static penetration. It may be described by
qd = f(wd, φd, v, ψ, vr, wr) (5.24)
with
wd = w − ws, φd = φ− φs (5.25)
where w and φ denote the vertical displacement and roll rotation of the wheelset
respectively; wd and φd denote the dynamical displacements and roll rotation of the
wheelset respectively, and ws and φs denote the static displacements and roll rotation
of the wheelset respectively. The static displacement and roll rotation, ws and φs
are determined by the evaluation of the kinematic constraints between the wheel and
rail.
After determination of the dynamic penetration the total normal force is evaluated
by
Nw = Ghertz(qns + qd)1.5. (5.26)
With (5.20) the above relation can also be written as




where qns denotes the penetration under the static normal load.
The comparison of the normal loads by the traditional method and the method
in this thesis is shown in Figure 5.18.
5.2.2 Determination of the shape and the dimensions of the
contact area
If the normal load Nw is determined then the formulae (5.16) and (5.17) can be used
to determine the semiaxes a, b by looking up the values of the parameters of m,n in
the precalculated table given by Hertz[Garg, 1982]. We also can use a direct way to





the eﬀective radius of curvature of the contacting surface is deﬁned as
ρ = 2/(Dx +Dy) (5.29)
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Figure 5.18: The comparison of the normal forces. The solid line denotes the normal
loads with the new method and the solid line with the o on it stands for the traditional
method
in such way that
0 ≤ τ ≤ pi/2 (5.31)
and according to Hertzian theories from Kalker [Kalker,1967,1990] we can derive an







= cos τ (5.32)












92 Rolling contact between the wheels and the rails





















, ak = (
2k − 1
2k





















(2k − 3)(2k − 1)
(2k − 2)2k ck−1 for k = 2, 3, · · · (5.38)
Thus for a given value of cos τ from (5.30), e2 can be found numerically from
(5.37)[Xia, 1996].
The parameter e is connected with the ratio a/b
a/b =
√
1− e2 for a ≤ b, A ≥ B,
a/b =
1√
1− e2 for a ≥ b, A ≤ B (5.39)
which is independent of the value of the normal force in the contact point.












Thus the semiaxes a and b can be determined from(5.28) and (5.39). With the value
b, the penetration qn can also be determined by the relations (5.14) and (5.32)
qn = (Dx +Dy)b2[1 +
e2
2(1− e2) (1− cosτ)]. (5.42)
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5.2.3 Calculation of the creep forces
The ﬁrst important contribution to the theory of rolling contact was due to Carter(1926),
who was the ﬁrst to propose the concept of creepage. Extensions of Carter's theory
to the three-dimensional rolling contact was studied throughout the 60's. Vermeulen
and Johnson(1964) generalized Carter's theory to three dimensions and established
an approximate creep-force law. Since the middle of the 1960's, Kalker's theories on
rolling contact mechanics have been the most widely used theories both in the simu-
lation of railway vehicle dynamics and in the analysis of damage of the proﬁles of rails
and wheels. For use in practical applications Shen, Hedrick and Elkins(1983) pro-
posed an alternative creep-force law based on Kalker's creep coeﬃcients and Johnson-
Vermeulen's method.
The contact region between the wheel and the rail generally consists of a slip and
an adhesion region. The slow sliding will take place in the contact region between
the two bodies in rolling contact. The sliding phenomenon(or slip) is called the creep
or the creepage.
There exist three diﬀerent forms of creep: longitudinal, lateral and spin creep.
The longitudinal creep, υx and the lateral creep, υy are the relative velocities between
the wheel and the rail in the contact plane. The spin creep, φs is the relative angular
velocity between the wheel and the rail about an axis normal to the contact plane.




















where Vwx,y denote the longitudinal and lateral velocities of the wheel; Vrx,y denote
the longitudinal and lateral velocities of the rail; Ωws and Ωrs denote the angular
velocity of the wheel and the rail about the vertical axis respectively. V is the actual
velocity of the wheelset. The velocity diﬀerences Wtx, Wty and Ωn will be discussed
in chapter 6.
Now the creepages are deﬁned as:
υxij =Wtxij/V, υyij =Wtyij/V, φsij = Ωnij/V (5.44)
where V is the longitudinal speed of the vehicle. In the case of small creepages, the
relation between creep and creep forces is approximately linear. The linear rolling
contact theory has been derived by Kalker and expressed as TxTy
Mz
 = Gc2





where C11, C22, C23 and C33 denote the creep coeﬃcients[Kalker,1967].
For large values of creepages, the nonlinear dependence of the creep force on
the creep becomes important. Kalker has developed the exact rolling contact the-
ory[Kalker, 1990] and implemented it in the program CONTACT. Unfortunately, it
is virtually impossible to use the exact theory in the practical simulations of the
94 Rolling contact between the wheels and the rails
dynamics of a railway system due to the high computational time. For that reason,
Kalker has developed another program FASTSIM. FASTSIM is much faster than
CONTACT but the diﬀerence between the results of CONTACT and FASTSIM
never exceed values of 10%-15%[De Pater, 1997].
For practical application, Shen-Hetrick-Elkins improved Kalker's linear theory on
the basis of the Vermeulen-Johnson formulae [Shen, 1983]. Shen et al assume that
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where Tx and Ty are calculated according to Kalker's linear theory. Introducing the
reduction coeﬃcient
ε = TR/T ∗R (5.48)
the creep forces are
fx = εTx, fy = εTy (5.49)
In order to improve the computation eﬃciency of FASTSIM, another practical
method for ﬁnding the tangential forces consists in a collecting a suﬃciently large
number of values of the reduced creep forces, fx fy in a table, each with four entries
and to interpolate linearly in these tables[De Pater, 1997, Xia, 1996, Kalker, 1997]. It
should be pointed out that because of the limited data in the look-up table, diﬀerences
from the exact theory will be found. Large tables are more exact, but the searching
in such large tables consumes calculation time.
Recently, O. Polach has provided another way to determine the creep forces and
he argued that it has a short calculation time and a smaller diﬀerence between the
calculated values and the exact theory[Polach,1999], and is more correct than the
theory of Shen, Hedrick and Elkins.
In the theory of Polach, as shown in Figure 5.19, the tangential stress is pro-
portional to the total creepage υ and the distance from the leading edge with a
proportionality constant C, which is a value characterizing the contact elasticity of
the bodies(tangential contact stiﬀness). The tangential contact stiﬀneﬀ can be ob-
tained from Kalker's constants [Kalker, 1967]. The gradient of the tangential stress







The tangential force is then
F = −τ0 4ab3 (
ε
1 + ε2
+ tan−1 ε) (5.51)
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Figure 5.19: A simpliﬁed distribution of normal and tangential stresses in the wheel-
rail contact area

















(i = x, y). (5.54)
According to Kalker's theory, we obtain the tangential contact stiﬀness C and the

















If we take the spin φs into account, the lateral tangential force can be written as
Fyc = Fy + Fys (5.57)
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where Fys is the increase of the tangential force caused by the spin, which is































1 + 6.3(1− e− ab ) , (5.61)
υc =
√
υ2x + υ2yc. (5.62)
Here υyc is given as
υyc = υy + φsa for |υy + φsa| > |υy|,
υyc = υy for |υy + φsa| ≤ |υy|. (5.63)
For the sake of comparison the theory of Shen, Hetrick and Elkins, the table
looking method and the theory of Polach are all implemented in our model.




In the previous chapters we have introduced some basic concepts of the friction
direction angle, stick-slip motion, structure varying system, and kinematic constraints
and dynamical constraints between wheels and rails. All of them will be combined
into the modelling of the dynamics of the three-piece-freight-truck hereafter.
In order to derive the more realistic mathematical model the construction of the
three-piece-freight-truck should ﬁrst be understood thoroughly. The interconnections
and the motion transfer mechanisms between the components need also to be known
clearly. With the principle of the multibody system dynamics we must to ﬁnd a
suitable connection element to describe the interconnections correctly. In this chapter
the coordinate systems which are used to describe the motions are introduced. The
construction and the description of the model are then discussed. The kinematic
constraints and the creepages between the wheels and the rails are analyzed.
6.1 Introduction of the three-piece-freight-truck
A hopper wagon and the three-piece-freight-truck are shown in Figure 6.1 and Figure
1.1. A car body is supported by two three-piece-freight-trucks(bogies) through two
center plates on the two bolsters. A strong pivot through the center plate is used to
prevent the separation of the car body from the bolsters during the motion. In order
to obtain a good curve negotiation two side supports on either bolster are designed
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Figure 6.1: A hopper three-piece-freight-wagon
to provide an additional support on the car body in the case of large roll rotations
between the car body and the bolsters. A conventional three-piece-freight-truck, as
shown in Figure 1.1, consists of two wheelsets, one side frame on each side of the
wheelsets supported by the adapters. For one truck a bolster is supported by two
groups of springs one on each side of the frame and four wedges are used to provide
dry friction on the surfaces of the wedges contacting both the side frame and the
bolster.
Because of the conﬁguration characteristics of the three-piece-freight-truck they
diﬀer from the passenger truck in that there is no longitudinal motion between the
bolster and the side frame at least for a truck during normal running, and the relative
yaw motion of the bolster with respect to the side frames causes the side frames to ro-
tate about the vertical truck center line and to assume a parallelogram conﬁguration.
This type of deformation, referred to as warping, is restricted by friction between the
bolster and side frames and is limited by the contact of the bolster ends against the
side frames. In truck assemblies there are clearances between the adapters and the
side frames both in the longitudinal and lateral directions such that the wheelset can
move longitudinally and laterally until the wheelset hits the stops.




























































Figure 6.2: The coordinate systems
6.2 The coordinate systems and the degrees of free-
dom of the system
The description of the conﬁguration and orientation of the railway vehicles on the
track are related to the deﬁnition of coordinate systems. In order to describe the
absolute motion of the three-piece-freight-truck on an arbitrary form of track three
coordinate systems are needed: the inertial, transfer and relative coordinate systems.
The absolute motion of the components of the three-piece-freight-truck is the vector
sum of the transfer and the relative motions. However we are only interested in the
parasitic motion for the dynamical performance analysis of the three-piece-freight-
truck, i.e. the parasitic motions of the wheelsets and other components of the system
are required. For the investigation of the behavior of the vehicle on a curved track,
the motion of the transfer coordinate system will cause an additional force called the
Gyroscopic force. Additionally spring forces caused by the bodies on the diﬀerent
position of the curve are needed to included. However, if we only consider the motion
of the vehicle on the tangential track, then the coordinate systems and the relations
among them will become rather simple. If the motion of the vehicle is at a constant
speed along a straight track then we can choose the transfer coordinate system to be
the inertial coordinate system. The coordinate systems are shown in Figure 6.2.
Figure 6.2 only shows the two sets of reference coordinate systems. One is used to
describe the parasitic motion of the wheelset number 1 and the other is used to de-
scribe the wheelset number 2. The motion of the wheelsets are described with respect
to the inertial reference coordinate systems. Other reference coordinate systems can
be deﬁned in a similar way.
The origin owi of the wheelset frame (owi, xwi, ywi, zwi) is located in the mass
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Table 6.1: Degrees of freedom of the wagon with two three-piece-freight trucks
Components Long. Lat. Vert. Roll Pitch Yaw
Front truck leading wheelset u1 v1 w1 φ1 χ1 ψ1
Front truck trailing wheelset u2 v2 w2 φ2 χ2 ψ2
Rear truck leading wheelset u3 v3 w3 φ3 χ3 ψ3
Rear truck trailing wheelset u4 v4 w4 φ4 χ4 ψ4
Front truck left side frame uf1 vf1 wf1  χf1 ψf1
Front truck right side frame uf2 vf2 wf2  χf2 ψf2
Rear truck left side frame uf3 vf3 wf3  χf3 ψf3
Rear truck right side frame uf4 vf4 wf4  χf4 ψf4
Front truck left wedges ud1 vd1 wd1   
ud2 vd2 wd2   
Front truck right wedges ud3 vd3 wd3   
ud4 vd4 wd4   
Rear truck left wedges ud5 vd5 wd5   
ud6 vd6 wd6   
Rear truck right wedges ud7 vd7 wd7   
ud8 vd8 wd8   
Front truck bolster  vb1 wb1 φb1  ψb1
Rear truck bolster  vb2 wb2 φb1  ψb1
Car body  vo wo φo χo ψo
center of the wheelset i with the positive direction to the right rail. The coordinate
system(owi, xwi, ywi, zwi) is not completely ﬁxed to the wheelset because the wheelset
can rotate about the axis owiywi. The position of the origin owi is (0, 0, -r) with
respect to the inertial reference frame(oi, xi, yi, zi).
We see that the distance between the origins of the two inertial frames (o1,o2) is
constant. The irregularities of the track can be described as displacements of the ori-
gins, (or1l, or1r) of the local frames of (or1l, xr1l, yr1l, zr1l) and (or1r, xr1r, yr1r, zr1r)
in the lateral and vertical directions.
6.2.1 The degrees of freedom of the system
As Figure 6.3 shows, our model of the four-axle three-piece-freight-wagon has nine-
teen principal components. These are the car body, two truck bolsters, eight wedges,
four side frames, and four wheelsets. The degrees of freedom of the system are given
in Table 1, where the total degrees of freedom is 81. But we will see that not all the
degrees of freedom are independent and there exist some relations due to the joint
connections between the car body and the bolsters, the sliding contact between the
bolsters and the wedges, and the side frames and the adapters(wheelsets).






























































































Figure 6.3: The description of the model of the Three-Piece-Freight-Truck
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6.3 The interconnections between the components
The relations between the coordinate systems of the components of the three-piece-



































































Figure 6.4: The relations between the coordinate systems of the components of the
three-piece-freight-car
6.3.1 The relations between the car body and the bolsters
The vehicle body has six degrees of freedom. If we neglect parasitic motion along
the longitudinal direction we choose the 2 displacements of the center of mass vo, wo
in the lateral and vertical directions and the three rotations φo, χo, ψo with respect
to the reference coordinates(oo, xo, yo, zo) around the axes ooxo, ooyo and oozo as the
ﬁve degrees of freedom. The center plates which are used to connect the car body
and the bolsters can be modelled as sphere joints as shown in Figure 6.5 where all the
translations between the car body and the two bolsters are blocked but all the relative
rotations are free. The clearances between the car body and the side supports are
modelled to be dead-band stop springs with the spring forces acting in the vertical
direction and the friction on the surfaces of the side supports are integrated into the
yaw friction moment on the car body and bolsters. The parasitic motions of the car




Figure 6.5: The modelling of the center plate





















where 2a∗oc denotes the distance between the mass centers of the two bolsters. The
positions of the secondary suspensions on the bolsters with respect to the reference
coordinate system (obi, xbi, ybi, zbi) are determined by xbs2kybs2k
zbs2k
 =
 (−1)kb∗bs2ψbivbi + (−1)k+1b∗bs2
wbi + (−1)k+1b∗bs2φbi − (r + hb)
 (6.5)
where for i = 1, k = 1, 2; for i = 2, k = 3, 4. b∗bs2 denotes the distance between the
mass center of the bolster and the secondary suspension. r denotes the radius of the
wheel for the central position of the wheelset. hb is the distance from the wheel axle
to the center of the bolster in vertical direction.
6.3.2 The relations between the wedges and the bolsters
In the case of no separating motion between the wedge and the bolster it is required
that a pair of wedges on either the left side or the right side of a bogie must be
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used to retain the symmetrical construction of the bogie. For one pair of wedges, the
relations
udi = −udk, wdi = wdk, (i = 1, 3, 5, 7; k = 2, 4, 6, 8). (6.6)
hold. In the case of a coupled motion with the bolster, the displacements of the
wedges with respect to the reference coordinates (obi, xbi, ybi, zbi) are controlled by
the relations(See chapter 3)
udi = ∓b∗bs2ψbj + (−1)iabd + (−1)i
sin γ sinφ
sin(γ + φ)




(wbj ± b∗bs2φbj − wfk) (6.8)
where for j = 1, i = 1, 2, 3, 4, k = 1, 2; for j = 2, i = 5, 6, 7, 8, k = 3, 4. For
i = 1, 2, 5, 6 we use the upper sign of ± or ∓ and for i = 3, 4, 7, 8 we use the lower
sign of ± or ∓. But in the case of the separated state the relations described in (6.6),
(6.7) and (6.8) are broken and uwi, wwi become independent quantities(See chapter
3). abd denotes the distance from the mass center of the wedge to the axis obiybi of
the reference coordinates (obi, xbi, ybi, zbi).
6.3.3 The relations between the side frames and the other
components
The side frame is connected to the bolster through the wedges, and to the wheelsets
through adapters, where the adapter mass can be neglected. There is no relative
translation between the ends of the bolster and the corresponding side frames in the
longitudinal direction. The yaw of the bolster will cause a translation motion of the
side frame in the longitudinal direction. The vertical motions of the wheelsets will
force a corresponding vertical motion and a pitch rotation of the side frames because
the interconnections between the side frames and the wheelsets(via adapters) can be
modelled as slide pairs which are shown in Figure 6.6. The relations between the
Side frameSide frame Adapter
Figure 6.6: The contact between the end of a frame and an adapter
side frames and the bolsters and the wheelsets can be written as
ufi = (−1)ib∗bs2ψbj , (i = 1, 2, j = 1; i = 3, 4, j = 2), (6.9)
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wf1,2 = 0.5(ww1 + ww2 ± bws(ϕw1 + ϕw2)), (6.10)
wf3,4 = 0.5(ww3 + ww4 ± bws(ϕw3 + ϕw4)), (6.11)
χf1,2 = −0.5(ww1 ± bwsϕw1 − ww2 ∓ bwsϕw2)/awb, (6.12)
χf3,4 = −0.5(ww3 ± bwsϕw3 − ww4 ∓ bwsϕw4)/awb (6.13)
where bws denotes the distance between the mass center of a wheelset and the contact
point with the adapter in lateral direction. awb denotes the distance from the wheel
axle to the mass center of the side frame in longitudinal direction. For the index 1,
3 takes the upper sign of the ± or ∓ and for the index 2, 4 then takes the lower sign
of the ± or ∓.
6.3.4 The positions of the points on the wheelsets
In order to determine the relative motions between the ends of the side frames and
the wheelsets in the longitudinal and lateral directions we need to know the position








 (i = 1, 2, 3, 4) (6.14)
where (x∗wi, y∗wi, z∗wi) denote the point measured with respect to the wheelset coordi-
nate system and
Gwi =
 1 −ψwi 0ψwi 1 −φwi
0 φwi 1
 . (6.15)
So the position of the surfaces of the adapters contact with the wheelset with respect








 , (k = 1, · · · , 8, i = 1, · · · , 4).
(6.16)
6.3.5 The extensions of the suspensions
The relative distances between the wheelsets and the side frames are determined by us1xus1y
us1z
 =
 ufk − uwi + (−1)i+1b∗ws2ψwjvfk − vwj + (−1)i+1ψfk
0
 , (i = 1, · · · , 4, j = 1, 2, k = 1, 2;
i = 5, · · · , 8, j = 3, 4, k = 3, 4)
(6.17)
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where the values can be used to determine the values of the dead-band stop spring
forces between the wheelsets and the frames in the longitudinal and lateral directions.
The relative extensions of the secondary suspensions between the bolsters and
side frames are us2xius2yi
us2zi
 =





 , (i = 1, · · · , 4, k = 1, 2).
(6.18)





sin(γ+φ) (wbj ± b∗bs2φbj − wfk)
vdi − vfk
cos γ sinφ
sin(γ+φ) (wbj ± b∗bs2φbj − wfk)
 ,
(i = 1, 2, j = 1, k = 1; i = 3, 4, j = 1, k = 2
i = 5, 6, j = 2, k = 3; i = 7, 8, j = 2, k = 4)
(6.19)
where for i = 1, 2, 5, 6 we use the upper sign of the ”± ” and for i = 3, 4, 7, 8 we use
the lower sign of the ”± ”.
With the above eqns.(6.17), (6.18) and (6.19) the corresponding spring forces can
be completely determined when the relative displacements are known.
6.4 Determination of the creeps between the wheels
and the rails
The relative velocities in the wheel/rail contact points are used to determine the
creepages between the wheels and rails. The creep contact forces depend on the
creepages. When the relative motion of the wheelset is determined then the motion
of the contact points on the wheel can be determined. The relative velocity and the
angular velocity of the mass center of the wheelset are
vwreli = [u˙wi v˙wi w˙wi]T , (6.20)
ωwreli = ωwsi +Gwiω∗wi (6.21)
where ωwsi is the angular velocity caused by the parasitic motion of the wheelset with
respect to the reference system (owi, xwi, ywi, zwi) and ω∗wi is the angular velocity of
the wheelset i about its axis of revolution with respect to the coordinate system
(owi, xwi, ywi, zwi). Thus we have
ωwsi = [φ˙wi 0 ψ˙wi]T , ω∗wi = [0 − V/r 0]T (6.22)
so together with (6.15) we have
ωwreli = [φ˙wi + V ψwi/r χ˙wi − V/r ψ˙wi − V φwi/r]T . (6.23)
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The transfer velocity of the wheelset is constant V and the transfer angular velocity
is zero such that the total velocity of the wheelset and the total angular velocity of
the wheelset i are
vwi =





 φ˙wi + V ψwi/rχ˙wi − V/r
ψ˙wi − V φwi/r
 . (6.25)
For the investigation of the dynamical contact we must know the value of the
wheelset velocity vcij in the wheel/rail contact points, Cwij . We suppose the track
to be rigid so the rail velocity is zero in the wheel/rail contact points. Then the
velocities in the wheel/rail contact points are
vcij = vwij + ω˜relir∗cij (6.26)
where the screw symmetrical matrix ω˜reli is
ω˜reli =
 0 −(ψ˙wi − V φwi/r) χ˙wi − V/rψ˙wi − V φwi/r 0 −(φ˙wi + V ψwi/r)




 ξwij ∓ bψwi±(b− ηwij)− rφwi
±bφwi + r + ζwij
 . (6.28)
The term to the second order in the displacement coordinates can be neglected and
we ﬁnd the resulting velocity vector
vcij =
 u˙wi + rχ˙wi ∓ bψ˙wi − V ζwij/rv˙wi − rφ˙wi − V ψwi
w˙wi ± bφ˙wi + V ξwij/r ± bV ψwi/r
 (6.29)
where ξwij is deﬁned by (5.6). The components of the vcij projected onto the contact
plane are
Wtxynij = Htnvcij , Ωnij = Htnωwi (6.30)
where Wtxynij and Htn are deﬁned by
Wtxynij = [Wtxij Wtyij Wnij ]T , (6.31)
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Htn =
 1 0 00 cos γij ∓ sin γij
0 ± sin γij cos γij
 . (6.32)
By the deﬁnition of the Eq.(5.44) the creep components are determined by
υxij = (u˙wi + rχ˙wi ∓ bψ˙wi)/V − ζwij/r, (6.33)
υyij = −ψwi cos−1 γij + (v˙wi − rφ˙wi)/V cos γij (6.34)
and the spin is
φsij = ∓r−1 sin γij + ψ˙wi cos γij/V. (6.35)
Here in this section the index i = 1, · · · , 4; j = 1, 2 and j =1 stands for the right rail
and j =2 denotes the left rail seen in the direction of motion of the wagon. For j =1
take the upper sign of ± or ∓ and for j =2 take the lower sign of ± or ∓.
It should be pointed out that to obtain the relation (6.34) from (6.30) and (5.44)
we use the fact that the relative velocity between the wheel and the rail in their
common normal direction is equal to zero (Wnij = 0), i.e.
w˙wi ± bφ˙wi + V ξwij/r ± bV ψwi/r = ∓ sin γijcos γij (v˙wi − rφ˙wi − V ψwi). (6.36)
C h a p t e r 7
Dynamical equations of the
Three-Piece-Freight-Truck
In this chapter a multibody-based method is applied to derive the dynamic equations
of each component of the three-piece-freight-truck and then combine them with the
kinematic constraints into the ﬁnal dynamic system.
The model of a railway system can be divided into three parts: The vehicle sub-
system, the rolling contact between the wheels and the rails and the substructure of
the rails. The track can be modelled as a rigid or elastic body in diﬀerent models. For
the high speed passenger car the rigid or elastic assumption of the track yield clearly
diﬀerent results for the dynamic performance of the railway vehicle[W.Zhai,1996]. In
the present thesis the track is assumed to be rigid because the speed of the three-
piece-freight-truck is usually lower than 100KM/h so the elastic eﬀect of the track
may be neglected.
7.1 Introduction
Multibody system models have been used to investigate theoretically the dynamics
of mechanical systems like vehicles, linkages and robots in an eﬀective way. A short
list of representative works, in which the reader can ﬁnd a detailed presentation
of the matter, is given by Haug[Haug, 1989], Sciehlen[Schiehlen,1986,1990] or Eich-
Soellner[Eich-Soellner,1998].
Once the equations of motion have been set up and the inputs prepared the
vehicle response can be simulated. Although various powerful computer softwares,
such as ADAMAS/Rail, Simpack, NUCARS and MEDYNA, are now available to





































Figure 7.1: The description of a moving body with respect to an non-inertial transfer
coordinate reference system
carry out these simulation, there still are some problems which can hardly be solved
with these softwares. The stick-slip motion of the three-piece-freight-truck with two-
dimensional dry friction for example and the nonlinear dynamical performances are
two great challenges. The dynamics of the railway vehicles with dry friction damping
have been investigated by many researchers. The dynamical performance of the
three-piece-freight-truck with one dimensional dry friction was investigated by Harder
[Harder, 2000], with ADAMS/Rail. The dynamic simulations of rail vehicles with
friction damped Y25 bogies was provided by Evans and Rogers [Evans, 1998] using
VAMPIRE and Bosso at el. [Bosso, 2000] with ADAMS/Rail. Detailed introduction
of the development of the dynamics of the railway vehicle systems are given by Garg
and Dukkipatti [Garg, 1982], Kalker [Kalker, 1990], Knothe [Knothe, 1999, 2001] and
True [True, 1999].
The Newton-Euler equations of motion for the moving body i (the frame at-
tached on the body be (o∗i , x∗i , y∗i , z∗i ) with respect to a transfer coordinate system
(oi, xi, yi, zi) and the inertial reference frame (oo, xo, yo, zo), which are shown in Fig-
ure 7.1 are [De Pater,1999] [Schiehlen,1986]
mi[v˙itrf + ω˜itrfvitrf + ( ˙˜ωitrf + ω˜2itrf )rirel + 2ω˜itrfvirel + v˙irel] = fi, (7.1)
Iiω˙itrf + ω˜itrfIiωitrf + ω˜itrfωitrf (Ixi + Iyi + Izi) +
2ω˜irelIiωitrf + Iiω˙irel + ω˜irelIiωirel =mi. (7.2)
Here fi is the total force which is applied at the body i and mi is the moment of the
forces applied at the body i, taken with respect to the mass center of that body.






































Figure 7.2: The free body diagram of the car body
where Gi stands for the rotation matrix of the coordinates attached to the body.
If the transfer reference coordinate system moves with a constant velocity along a
straight line then the Newton-Euler equations of the motion reduce to a very simple
form
miv˙irel = fi, (7.4)
Iiω˙irel + ω˜irelIiωirel =mi. (7.5)
When we apply equations (7.4) and (7.5) in our system to each component then the
corresponding dynamic equations can be derived.
7.2 The dynamical equations of each component of
the system
7.2.1 The car body
The car body is connected to the bolster via the center plates which can be modelled
as a spherical joint. Because the radius of the spherical joint is small compared
with the other dimensions of the car body, the eﬀect of the friction produced by the
spherical joint on the roll rotation of the car body and the bolster is neglected. But
the eﬀect of the friction torque on the yaw rotation is still considered. In other words,
only one-dimensional friction is included for the friction on the surfaces of the center
plates. And more the friction torque is small except on the side supports in contact
with the car body through curved track, so we simply treat it as a Coulomb friction
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function (1.1) with zero friction force for the strick motion state. The equations of
motion of the car body can be written as
Moq¨o = fsfo + fwo + fcto (7.6)
where the mass matrix Mo and the variable vector qo are respectively
Mo =

mo 0 0 0 0
0 mo 0 0 0
0 0 I∗ox 0 0
0 0 0 I∗oy 0
0 0 0 0 I∗oz








The force vector fsfo becomes
fsfo = [0 fsfob −Msφob1 −Msφob2 0 −Mfψob1 −Mfψob1]T (7.8)
where




kosbos(φo − φbi), (φo − φbi < 0) ∧ (|bos(φo − φbi)| ≥ ∆ob)),
0, |bos(φo − φbi)| < ∆ob), i = 1, 2 , (7.10)
fsobiwr =
{ −kosbos(φo − φbi), (φo − φbi > 0) ∧ (|bos(φo − φbi)| ≥ ∆ob)),
0, |bos(φo − φbi)| < ∆ob), i = 1, 2 (7.11)
and the roll moments Msφob1 and Msφob2 which are caused by the contact between





os(φo − φb1), |bos(φo − φb1)| ≥ ∆ob),





os(φo − φb2), |bos(φo − φb2)| ≥ ∆ob),
0, |bos(φo − φb2)| < ∆ob) (7.13)
Here bos is the distance from the center plate to the side support. kob denotes the
stiﬀness of the side support in the vertical direction. ∆ob denotes the display between
the car body and the side support on the bolster. The yaw moments Mfψob1 and
Mfψob2 caused by friction on the surfaces of the center plates and possibly on the
surfaces of the side supports are
Mfψobi =
{
(Nobwiρo + kosbos(φo − φbi))µosign(ψ˙o − ψ˙bi), bos|φo − φbi| ≥ ∆ob
Nobwiρoµosign(ψ˙o − ψ˙bi), bos|φo − φbi| < ∆ob, i = 1, 2.
(7.14)
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Here µo denotes the friction coeﬃcient on the surfaces of the center plates and the
side supports. ρo denotes the radius of the center plate. For the reason of simplicity
we only consider the slip motion for the relative motions between the car body and
the bolsters.
The weight of the car body is given by the vector fwo
fwo = [0 Go 0 0 0]T (7.15)
and the contact force vector fcto is determined by
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Figure 7.3: The free body diagram of the bolsters and applied forces on them
7.2.2 The bolsters
The equations of motion of the bolster i can be written as
Mbq¨bi = fsbi + fwbi + fctbi + ffbi, i = 1, 2 (7.17)
where the variable vector and the mass matrix are respectively
q¨bi = [v¨bi w¨bi φ¨bi ψ¨bi]T , (7.18)
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Mb =

mb 0 0 0
0 mb 0 0
0 0 Ibx 0
0 0 0 Ibz
 , (i = 1, 2). (7.19)




(ky2 + 2ky3)(vb1 − vf1) + (ky2 + 2ky3)(vb1 − vf2)
kz2(wb1 − wf1) + kz2(wb1 − wf2) + fsob1wl + fsob1wr
2b∗2bs2kz2φb1 −Msφob1





−(Nb1 +Nb2 +Nb3 +Nb4) sinφ











where the h∗bc denotes the distance from the center plate to the line through the mass
center of the bolster.
The spring forces and the contact forces on the bolster number 2 are
fsb2 = −

(ky2 + 2ky3)(vb2 − vf3) + (ky2 + 2ky3)(vb2 − vf4)
kz2(wb2 − wf3) + kz2(wb2 − wf4) + fsob2wl + fsob2wr
2b∗2bs2kz2φb2 −Msφob2





−(Nb5 +Nb6 +Nb7 +Nb8) sinφ











in which kψbf denotes the anti-warp stiﬀness (eﬀective warp stiﬀness). The anti-
warp stiﬀness is a state-dependent variable. For the sake of simplicity here we take
it as a constant. Mctb1 denotes the torque produced by the contact force on the
contact surface of the wedges in the longitudinal direction. We will see that it can
be eliminated from the ﬁnal dynamical system in the next section.
The friction forces on the bolster number 1 are determined by
ffb1 =

−µd(Sd1 cos θd1 + Sd2 cos θd2 + Sd3 cos θd3 + Sd4 cos θd4)
−µb cosφ(Nb1 sin θb1 +Nb2 sin θb2 +Nb3 sin θb3 +Nb4 sin θb4)
b∗bs2µb cosφ(−Nb1 sin θb1 −Nb2 sin θb2 +Nb3 sin θb3 +Nb4 sin θb4)
Mfψob1 +Mfψbd1
 (7.24)
and on the bolster number 2 are calculated by
ffb2 =

−µd(Sd5 cos θd5 + Sd6 cos θd6 + Sd7 cos θd7 + Sd8 cos θd8)
−µb cosφ(Nb5 sin θb5 +Nb6 sin θb6 +Nb7 sin θb7 +Nb8 sin θb8)
b∗bs2µb cosφ(−Nb5 sin θb5 −Nb6 sin θb6 +Nb7 sin θb7 +Nb8 sin θb8)
Mfψob2 +Mfψbd2
 (7.25)
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where µd, µb stand for the friction coeﬃcients on the surfaces of the wedge contacting
the frame and bolster respectively. Mfψbd1,2 denotes the torque produced by the
longitudinal friction force on the contact surface between the bolsters and wedges
and it can be eliminated in the ﬁnal dynamic system. In the present thesis the eﬀect
of the friction torque produced by the lateral friction force component on the surfaces
of the wedges contacting the frames are neglected.








 , (i = 1, 2) (7.26)
where Gb denotes the weight of the bolster and zg stands for the vertical line.
7.2.3 The wedges
In the analysis of the motions of the wedge the eﬀect of the torque acting on it can
be neglected. We consider here the motions in the longitudinal, lateral and vertical




 = fsdi + ffdi + fctdi + fwdi, (i = 1, · · · , 8) (7.27)










sin(γ+φ) (wb1 + b
∗
bs2φb1 − wf1)








sin(γ+φ) (wb1 + b
∗
bs2φb1 − wf2)
 , (j = 3, 4) (7.29)










sin(γ+φ) (wb2 + b
∗
bs2φb2 − wf3)








sin(γ+φ) (wb2 − b∗bs2φb2 − wf4)
 , (m = 7, 8). (7.31)





















































































Figure 7.4: The free body diagram of the wedges 1, 2 and the frame 1 and the reacting
forces on them
The components of the weight of the wedge are
fwdi = [0 0 Gd]T , (1 = 1, 2, · · · , 8) (7.32)
where Gd denotes the weight of the wedge.
The contact force vector fctdi is determined by
fctdi =
 (−1)i+1Sdi cos γ + (−1)iNbi cosφ0
Sdi sin γ +Nbi sinφ
 , (i = 1, . . . , 8). (7.33)
Finally, the friction forces are given by
ffdi =
 (−1)i+1Sdiµd sin θdi sin γ + (−1)i+1Ndiµb sin θbi sinφNdiµb cos θbi − Sdiµd cos θdi
Ndiµb sin θbi cosφ− Sdiµd sin θdi cos γ
 , (i = 1, · · · , 8)
(7.34)
where the friction direction angles θdi and θbi on the surfaces of the wedge can be
determined in the way introduced in chapter 2 and 3.
7.2.4 The side frames
There are no primary suspensions between the side frames and the wheelsets so there
exist only the state-dependent normal forces and the nonsmooth tangent dry friction
forces on the contact surfaces between the side frames and the wheelsets. More if
the clearances between the side frames and the wheelsets both in longitudinal and
7.2 The dynamical equations of each component of the system 117
lateral directions are taken up then a soft impact will take place. It means that the
kinematic constraints between the side frames and the wheelsets are provided only
by dry friction when the clearances are free. We use the dead-band stops to describe
the clearances and the soft impacts. The dynamical equations for the side frame i
can be written as
Mf q¨fi = fsfi + fwfi + fffi + fctfi + fffwi, (i = 1, 2, 3, 4) (7.35)
where the mass matrix and the variable vector are deﬁned by
Mf =

mf 0 0 0 0
0 mf 0 0 0
0 0 mf 0 0
0 0 0 Ify 0
0 0 0 0 Ifz












fsf1w1v + fsf1w2v + (ky2 + 2ky3)(vb1 − vf1)
kz2(wb1 + b∗bs2φb1 − wf1) + kz3(wb1 + b∗bs2φb1 − wf1)CγSφ
0





fsf2w1v + fsf2w2v + (ky2 + 2ky3)(vb1 − vf2)
kz2(wb1 + b∗bs2φb1 − wf2) + kz3(wb1 + b∗bs2φb1 − wf2)CγSφ
0





fsf3w3v + fsf3w4v + (ky2 + 2ky3)(vb2 − vf3)
kz2(wb2 + b∗bs2φb2 − wf3) + kz3(wb2 + b∗bs2φb2 − wf3)CγSφ
0





fsf4w3v + fsf4w4v + (ky2 + 2ky3)(vb2 − vf4)
kz2(wb2 + b∗bs2φb2 − wf4) + kz3(wb2 + b∗bs2φb2 − wf4)CγSφ
0
(fsf4w3v − fsf4w4v)awb + k(ψb2 − ψf4)
 (7.40)
in which CγSφ is the short expression of cosγsinφsin(γ+φ) . The spring forces(impact forces)




0, |∆ufwi| ≤ ∆xf
kx1(∆ufwi − sign(∆ufwi)∆xf ), |∆ufwi| > ∆xf (7.41)
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where (i = 1, · · · , 8; j, k = 1, · · · , 4) and
∆ufw1 = −b∗bs2ψb1 + hfχf1 − (uw1 − bwsψw1), (7.42)
∆ufw2 = −b∗bs2ψb1 − hfχf1 − (uw2 − bwsψw2), (7.43)
∆ufw3 = b∗bs2ψb1 + hfχf2 − (uw1 − bwsψw1), (7.44)
∆ufw4 = b∗bs2ψb1 − hfχf1 − (uw2 − bwsψw2), (7.45)
∆ufw5 = −b∗bs2ψb2 + hfχf3 − (uw3 − bwsψw3), (7.46)
∆ufw6 = −b∗bs2ψb2 − hfχf3 − (uw4 − bwsψw4), (7.47)
∆ufw7 = b∗bs2ψb2 + hfχf4 − (uw4 − bwsψw3), (7.48)
∆ufw8 = b∗bs2ψb2 − hfχf4 − (uw3 − bwsψw4) (7.49)
where hf denotes the distance from the mass center of the frame to the contact
surface between the frame and the adapter in the vertical direction; ∆xf stands for
the clearance between the frame and the adapter in the longitudinal direction. The
spring forces (impact forces) between the wheelsets and the side frames in lateral
direction are determined by
fsfjwkv =
{
0, |∆vfwi| ≤ ∆yf
ky1(∆vfwi − sign(∆vfwi)∆yf ), |∆vfwi| > ∆yf (7.50)
where
∆vfw1 = vf1 + ψf1awb − vw1, (7.51)
∆vfw2 = vf1 − ψf1awb − vw2, (7.52)
∆vfw3 = vf2 + ψf2awb − vw1, (7.53)
∆vfw4 = vf2 − ψf2awb − vw2, (7.54)
∆vfw5 = vf3 + ψf3awb − vw3, (7.55)
∆vfw6 = vf3 − ψf3awb − vw4, (7.56)
∆vfw7 = vf4 + ψf4awb − vw4, (7.57)
∆vfw8 = vf4 − ψf4awb − vw4 (7.58)
where ∆yf stands for the clearance between the frame and the adapter in the lateral
direction.
The components of the weight of the side frames read
fwfi = [0 0 Gf 0 0]T , (i = 1, 2, 3, 4) (7.59)
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The contact forces and the friction forces on the surfaces of the wedges contacting





Sdi sin γ +Nfiw1 +Nfiw2
awb(Nfiw2 −Nfiw1)
0





Sdi sin γ +Nfiw3 +Nfiw4
awb(Nfiw4 −Nfiw3)
0




µd(Sdi cos θdi + Sdk cos θdk)
µd cos γ(Sdi sin θdi + Sdk sin θdk)
0
adµd(Sdi cos θdi − Sdk cos θdk)
 , j = 1, · · · , 4 (7.62)
where i = 1, 3, 5, 7; k = i + 1 and fff1 = f∗ff1, fff2 = f∗ff3, fff3 = f∗ff5, fff4 = f∗ff7.
ad denotes the distance from the mass center of the wedge to the mass center of the
bolster in the longitudinal direction. We will see that the contact force Nctbdi and
the friction force Nfbdi can be eliminated in the ﬁnal dynamic system.









































































































where the friction direction angle θfi is determined in the way introduced in chapter
2 and 3. Sθ and Cθ are the short expressions of the sinθ and cosθ respectively.
7.2.5 The wheelsets
The wheelsets provide the supports for the entire vehicle and supply the contact forces
that keep the vehicle system on the track. The interconnection between the wheelsets
and the side frames are through the adapters. The adapters can be considered as
bearings with very small mass therefore their eﬀect on the motion of the system can
be neglected. Furthermore the friction between the adapters and the wheelsets are
neglected in our investigation. The inertial tensor of a wheelset with respect to its
axle is
I∗w =
 Iwx 0 00 Iwy 0
0 0 Iwz
 . (7.67)
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where Iwx = Iwz due to the rotational symmetry. By means of the rotation matrix
Gwi the inertial tensor can be transformed to[De Pater, 1997]
Iw = I∗w + (Iwx − Iwy)
 0 ψwi 0ψwi 0 −φwi
0 −φwi 0
 . (7.68)
The dynamical equations of the wheelset i reads
Mwq¨wi = fgwi + fswi + fnfwi + fwwi + ffwi + ftwi + fctwi (7.69)






, q¨wi = [u¨wi, v¨wi, w¨wi, φ¨wi, χ¨wi, ψ¨wi]T . (7.70)










 , (i = 1, 2, 3, 4). (7.71)
fswi are the dead-band stop spring force vectors (see (7.41) and (7.50)) applied at













































































































The weights of the wheelsets are
fwwi = [0 Gwcos(zg, ywi) Gwcos(zg, zwi) 0 0 0]T . (7.80)
The normal load of the wheelset on the rail, fctwi has already been determined in
chapter 5. We can use the creepage between the wheels and rails to determine the
tangent contact forces as we have done in chapter 5. The tangential contact forces
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 , fctwi = −Hni [ Nwi1Nwi2
]
, i = 1, · · · , 4 (7.81)
in which the coeﬃcient matrices Hti and Hni are deﬁned by
Hti =

1 0 1 0
0 cosγi1 0 cosγi2
0 −sinγi1 0 −sinγi2
0 −ri1cosγi1 0 −ri2cosγi2
ri1 0 ri2 0
−bi1 0 bi2 0









 , i = 1, · · · , 4. (7.83)
Here ri denotes the rolling radius and bi is the distance from the mass center to the
wheel/rail contact point. The index 1 denotes the right-hand side rail and 2 stands
for the left-hand side rail seen in the direction of motion of the vehicle.
7.2.6 The eﬀect of the tractive eﬀort on the contact forces on
the surfaces of the wedges
Finally, we treat the tractive eﬀort on the car body. We assume that the force is
applied at the point on the line through the mass center of the car body. If it is not
the case a torque should be added. As Figure 7.6 shows, the equations for the free
body of half the bolster are
N1 sinφ+N1µb cosφ+N2 sinφ+N2µb cosφ = Nob1, (7.84)
N2 cosφ+N2µb sinφ = N1 cosφ+N1µb sinφ+ Lob1 (7.85)
where
Lob1 = Fffw1u + Fsfw1u. (7.86)









































Figure 7.6: The free body diagram of the bolster, the wedge and the frame. The Lob1






is fulﬁlled then the normal contact force N1 will be zero. In consequence, for the
motion of the bolster in the upwards vertical direction and if its displacement is less
than its initial displacement then the normal forces on the surfaces of the wedge will
also be zero and the numerical results will be provided in chapter 9. For the case of









N ′1 cosφ−N ′1µb sinφ = S1 cos γ + S1µd sin γ, (7.91)
N ′2 cosφ−N ′2µb sinφ = S2 cos γ + S2µd sin γ (7.92)




cos γ + µd sin γ
, S2 = N2
cosφ− µb sinφ
cos γ + µd sin γ
. (7.93)
The above results show that the normal contact forces on the surfaces of the wedges
are asymmetrical, and so are the corresponding friction forces. For the case of the
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, N2 = 0. (7.97)
Finally, the friction forces on the surfaces of wedges are included into the model
for the complete system.
7.3 The kinematic constraints and the dynamical
system
In the previous sections the dynamical equations of the each component of the three-
piece-freight-truck have been described with the non-generalized coordinates. To
form the complete three-piece-freight-truck model certain interconnections between
the components are needed. The interconnections produce some kinematic con-
straints which include translations and rotations. For that reason the non-generalized
coordinates used to describe the motions of the components are not all independent.
7.3.1 The independent and the dependent variables of the sys-
tem
In chapter 6 we have shown that the number of the total degrees of the freedom of our
system is 81. Because they are not all independent we need to select the independent
variables and to obtain the dependent ones from the kinematic constraints.
The interconnections exist between the car body and the two bolsters via two
center plates; the bolsters and the wedges, the wedges and the side frames and
the side frames and the adapters through sliding contacts. The contacts between
wheelsets and rails are considered as elastic rolling contacts so that the kinematic
constraints can be replaced by dynamic relations. For the kinematic constraint of
the center plate which is modelled as a sphere joint, the translation motions of the
bolster and car body is identical in the longitudinal, lateral, vertical directions. In
the pitch and yaw rotations they are controlled by kinematic constraints. For the
wedge and the bolster, the relations (6.6), (6.7) and (6.8) hold, and the yaw of the
bolster and the longitudinal translation of the side frame are not independent of each
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other. The vertical displacement and the pitch of the frame are related to the motion
of corresponding wheelsets.
There is no general way to select the optimal generalized coordinates for a com-
plicated multibody system. We select the 41 independent variables as
xi = [φo vb1 wb1 φb1 vb2 wb2 φb2 ψb1 vf1 ψf1 vf2
ψf2 uw1 vw1 ψw1 uw2 vw2 ψw2 ψb2 vf3 ψf3 (7.98)
vf4 ψf4 uw3 vw3 ψw3 uw4 vw4 ψw4 ww1 φw1
ww2 φw2 ww3 φw3 ww4 φw4 χw1 χw2 χw3 χw4]T
and the 40 dependent variables are
xd = [vo wo χo ψo ud1 vd1 wd1 ud2 vd2 wd2
uf1 wf1 χf1 ud3 vd3 wd3 ud4 vd4 wd4 uf2
wf2 χf2 ud5 vd5 wd5 ud6 vd6 wd6 uf3 wf3 (7.99)
χf3 ud7 vd7 wd7 ud8 vd8 wd8 uf4 wf4 χf4]T .
7.3.2 The kinematic constraints between the components of
the system
The geometrical relations we have described in chapter 6 can be diﬀerentiated twice
with respect to the time in order to obtain the kinematical constraints between the
independent and dependent variables. The eﬀects of the pitch and yaw rotations of
the side frames on the vertical and lateral motions of the wedges are small and can
be neglected.

















The lateral motion of a wedge has been treated as an independent motion but then
the full vehicle model will become too large for the numerical integration. We found
that the lateral motion of the wedges are limited by the rimmed bolsters so it can be
considered the same as the lateral motion of the bolsters. Therefore the kinematic
relations between the bolster and the wedge are
v¨di = v¨b1, (i = 1, · · · , 4), v¨dj = v¨b2, (j = 5, · · · , 8) (7.104)
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and in the longitudinal and vertical direction we obtain
u¨di = −SγSϕ(w¨b1 ± b∗bs2ϕ¨b1), (i = 1, · · · , 4)
w¨di = CγSϕ(w¨b1 ± b∗bs2ϕ¨b1), (′+′for i = 1, 2, ′ −′ for i = 3, 4),
(7.105)
u¨dj = −SγSϕ(w¨b2 ± b∗bs2ϕ¨b2), (j = 5, · · · , 8)
w¨dj = CγSϕ(w¨b2 ± b∗bs2ϕ¨b2), (′+′for j = 5, 6, ′ −′ for j = 7, 8)
(7.106)
where SγSφ denotes the short expression of the term sinγsinφsin(γ+φ) .
The kinematic constraints between the side frames and the bolsters and the
wheelsets are
u¨fi = (−1)ib∗bs2ψ¨bj , (j = 1, i = 1, 2; j = 2, i = 3, 4), (7.107)
w¨fi = 0.5(w¨w1 + w¨w2 + (−1)i+1bws(ϕ¨w1 + ϕ¨w2)), (i = 1, 2), (7.108)
χ¨fi = −0.5(w¨w1+(−1)i+1bwsϕ¨w1− w¨w2+(−1)ibwsϕ¨w2)/awb, (i = 1, 2), (7.109)
w¨fi = 0.5(w¨w3 + w¨w4 + (−1)i+1bws(ϕ¨w3 + ϕ¨w4)), (i = 3, 4), (7.110)
χ¨fi = −0.5(w¨w3+(−1)i+1bwsϕ¨w3− w¨w4+(−1)ibwsϕ¨w4)/awb, (i = 3, 4). (7.111)
7.3.3 The dynamical system
The are two types of kinematic constraints caused by the interconnections, one is no
friction and it is called smooth constraints. The other one is related to the friction and
is called non-smooth constraint. For the smooth constraints the contact forces on the
contacting surfaces can be eliminated by the method provided by Haug[Haug,1989].
For the non-smooth constraints the contact forces can not be eliminated because the
friction forces need to be included and they are of course related to the contact forces.
For the complete system with all variables and all applied forces on the compo-
nents of the system the variational equation of motion of the system is formulated in
a matrix form in the formulation of d'Alembert[Haug,1989] as
δxT [Mx¨+ Fs − F] = 0 (7.112)
where Fs denotes the spring force and F stands for the other applied forces including
the normal contact forces on the contact surfaces between the two bodies.
The elements in δxT usually are not independent, therefore the kinematic con-
straints must be introduced. Generally, the kinematic constraints can be expressed
as
g(x,xi) = 0 (7.113)
where xi denotes the vector of independent variables. In general the equation deﬁnes
the relations between the independent and dependent variables implicitly, so Newton-
Raphson method can be used to obtain a numerical solution.
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In some cases the kinematic constraints can be expressed explicitly as
x = J(t)xi +G(t) (7.114)
where J(t) denotes the coeﬃcient matrix which usually is time-dependent and G(t)
stands for the other time-dependent terms.
In our system, as we have discussed in chapter 6 all entries of the matrix J(t) and
G(t) are constant, such that we have
J˙ = J¨ = 0, G˙ = G¨ = 0. (7.115)
Then we have the relation
x¨ = Jx¨i. (7.116)
Thus equation(7.112) with the independent variables can be rewritten as
JT δxTi [MJx¨i + Fs − F] = 0. (7.117)
Because the variation of xi now is the independent variable vector, we ﬁnally get the
dynamical equation
JTMJx¨i = JT (F− Fs). (7.118)
It should be pointed out that the spring force vector Fs also depends on the de-
pendent variables, however we have already determined the spring extensions of the
suspensions in chapter 6, therefore the spring extensions are known quantities and
so are the spring forces.
The force vector F includes the contact force vector Fct, the friction force vector
Ff , the weight Fw and the gyroscopic force Fg and tangential wheel/rail contacting
forces Fctw and Ftw.
We rearrange the terms of the above equation as
JTMJx¨i − JT (Ff + Fct) = JT (Fw + Fg − Fs − Fctw − Ftw). (7.119)
There are 41 independent variables to be solved for in the system. And the contact
forces Fct which have 28 components are also wanted. The 28 contact forces are: 4
contact forces, Nob on the center plates; 8 contact forces, Sd on the surfaces of the
wedges contacting the side frames; 8 contact forces, Nb on the surfaces of the wedges
contacting the bolsters and 8 contact forces, Nfwp on the surfaces of the adapters.
Hence we need in total 69 equations to determine the 69 unknown quantities. We
have used 81 equations to describe the motion of each component in the system. For
the relation(6.6) the number of the equations reduce to 73. In the following way the
number of the equations can be further reduced to 69.
In equations (7.17) and (7.35) we have the following 6 equations
Ibzψ¨b1 = −kψbf (ψb1−ψf1)−kψbf (ψb1−ψf2)+Mctb1+Mfψob1+Mfψbd1, (7.120)
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Ibzψ¨b2 = −kψbf (ψb2−ψf3)−kψbf (ψb2−ψf4)+Mctb2+Mfψob2+Mfψbd2, (7.121)
mf u¨fi = fsfi(1) +Nctbdi +Nfbdi + fffwi(1), i = 1, · · · , 4. (7.122)
Using the relations (7.107) and by multiplying the sides of the above equation (7.122)
by (−1)ib∗bs2, (i = 1, · · · , 4) and then add them to the equations (7.120) and (7.121)
respectively, and next by means of the relations
b∗bs2(Nctbd2 −Nctbd1) =Mctbd1, b∗bs2(Nctbd4 −Nctbd3) =Mctbd2 (7.123)
and
b∗bs2(Nfbd2 −Nfbd1) =Mfψbd1, b∗bs2(Nfbd4 −Nfbd3) =Mfψbd2. (7.124)





bs2[(ffwu3 + ffwu4)Cψf2 − (ffwu1 + ffwu2)Cψf1]





bs2[(ffwu7 + ffwu8)Cψf4 − (ffwu5 + ffwu6)Cψf3]
Mfψob2 +Msfw34 −Msψbf3 −Msψbf4 (7.126)
where
Msψbfi = kψbf (ψbj − ψfi), i = 1, 2, j = 1; i = 3, 4, j = 2, (7.127)
Msfw12 = b∗bs2[(fsf2w1u + fsf2w2u)Cψf2 − (fsf1w1u + fsf1w2u)Cψf1], (7.128)
Msfw34 = b∗bs2[(fsf4w3u + fsf4w4u)Cψf4 − (fsf3w3u + fsf3w4u)Cψf3] (7.129)
and Cψ denotes the short expression of cosψ.
The relative motions between the bolster and the frame are motions in the lateral
and vertical direction and the yaw rotation. Therefore we use the anti-warp stiﬀness
and the corresponding spring torque to describe the restoring force against the warp
motion.
Besides the contact forces Sdi on the surfaces of the wedges contacting the side
frames, we must also consider the additional contact forces on these surfaces applied
by the side frame by the friction forces on the surfaces of the tops of the adapters.
The magnitude of the force vector is equal to the value of the sum of the friction forces
on the two top surfaces of the adapters contacting one side frame in the longitudinal
direction. If the force vector is positive then the force vector acts only on the wedges
numbered 1, 3, 5 and 7(see Figure 7.6); otherwise, it acts on the wedges numbered 2,
4, 6 and 8. Obviously, the additional contact force leads to the asymmetric friction
forces on a pair of two wedges.
The contact forces on the center plates are
Nob = [Nobv1 Nobw1 Nobv2 Nobw2]T . (7.130)
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The contact forces related to the friction on the surfaces of the wedges which contact
the bolsters and side frames are
Nbd = [Sd1 Nb1 Sd2 Nb2 Sd3 Nb3 Sd4 Nb4
Sd5 Nb5 Sd6 Nb6 Sd7 Nb7 Sd8 Nb8]T (7.131)
and the contact forces on the surfaces of the adapters are
Nfwp = [Nf1w1 Nf1w2 Nf2w1 Nf2w2 Nf3w3 Nf3w4 Nf4w3 Nf4w4]T .
(7.132)
The contact force on the central plates Nobv1, Nobw1, Nobv2, Nobw2 are also needed
because they act as a part of the input force on the bolster to determine the friction
direction angle on the surfaces of the wedges.
Hence there are totally 28 unknown contact forces in the system needed to be
determine in dependence on the 41 independent variables. Let
Fev = [Nob Nbd Nfwp]T (7.133)













where Mdep is the mass matrix related to the dependent variables, and the Mind
denotes the mass matrix related to the independent variables. The entries of the
matrix J in (7.134) are diﬀerent from these of the matrix J in (7.114)-(7.119).
The matricesAa andAb, where their entries are a function of the friction direction
angles, friction coeﬃcients and the construction parameters, can be written as
Aa,b = f(θ, µb, µd, µf , p) (7.135)
where p denotes the construction parameters.
If the purpose of the simulation is only focussed on the slip motion then the friction
direction angle is uniquely determined by the corresponding relative velocities alone.
In that case the entries of the matrices Aa and Ab are determined by the state
space variables. However, if the stick-slip motion of the system is included then the
matrices Aa and Ab become discontinuous. That problem will be discussed in detail
in the next chapter.
C h a p t e r 8
The numerical method
The normal integration methods such as Runge-Kutta explicit or implicit schemes
or other formula can not be directly applied to the system (7.134) in the previous
chapter. There are two reasons: One is that the entries of the matrices, Aa and
Ab are discontinuous due to the stick-slip motion of the system; the other is that
the independent variables of the system will change from stick-state to slip-state,
i.e. a collapse of the space-state will occur as we have discussed in chapters 3 and
4. In this chapter the numerical method is discussed for the complete vehicle with
three-piece-freight-trucks.
8.1 The slip state motion of the system
We have shown that there are 41 independent variables in our dynamical system
and the 28 normal contact forces on the surfaces of the wedges and the adapters are
needed to be determined together with the dependent variables.
In any case the perturbation motions of the wheelsets around their axes can be
uncoupled because the applied torque on the wheelset around its axle is only provided
by the tangential forces in the longitudinal direction. This is also true for the roll
motion of the car body because the applied torque around the (ooxo) is only provided
by the side support forces when the clearances between the car body and the side
supports are taken up.
Anyhow the independent variables can be divided into four groups that are un-
coupled from each other(approximately), so the numerical algorithm becomes easier.
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That means that the Eq.(7.134) can be further written as
Ao1 Mo1Jo1 0 0 0 0 0
Ad MdJd 0 0 0 0 0
Abvwr MbvwrJbvwr 0 0 0 0 0
0 0 Afwp MfwpJfwp 0 0 0
0 0 Awwr Mwwr 0 0 0
0 0 Afvy 0 Mfvy 0 0
0 0 Awuvy 0 Mwuvy 0 0
0 0 0 0 0 Mwp 0

























xodb = [vb1 wb1 φb1 vb2 wb2 φb2]T , (8.2)
xfwwr = [ww1 φw1 ww2 φw2 ww3 φw3 ww4 φw4]T , (8.3)
xfvywuvy = [xfwf xfwr]T (8.4)
with
xfwf = [ψb1 vf1 ψf1 vf2 ψf2 uw1 vw1 ψw1 uw2 vw2 ψw2]T , (8.5)
xfwr = [ψb2 vf3 ψf3 vf4 ψf4 uw3 vw3 ψw3 uw4 vw4 ψw4]T , (8.6)
and
xwp = [ψw1 ψw2 ψw3 ψw4]T (8.7)
The force vectors on the right hand side of the equation (8.1) are related to the
external forces in the corresponding directions and have been determined in the
chapter 7.
For the slip motion of all components of the system the above system is continuous
and can be directly integrated numerically. The equation (8.1) can be written in the
ﬁrst order form in the following way (see chapters 2, 3 and 4). Let
x˙i = [q1 q2 · · · q41], (8.8)
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xi = [q42 q41 · · · q82] (8.9)
then the equation can be written as
q′ = f(q, z, ftw, fctw), (8.10)
0 = gv(q,n), (8.11)
0 = gw(q, ftw, fctw) (8.12)
where
f = [z1 z2 . . . z41; q1 q2 . . . q41, ftw, fctw]T , (8.13)
gv(q,n) = Acnv − Fev, (8.14)
gw(q, ftw, fctw) = 0, (8.15)
n = [N1 N2 · · · N28 z1 z2 · · · z41]T (8.16)
Eq.(8.15) is actually the compact form of the Eq. (7.81). The term Acnv stands for
the left-hand side of the Eq. (7.134) and Fev denotes the right-hand side of the Eq.
(7.134). So the dynamic system of the three-piece-freight-truck is a DAEs system
with the index 1.
In general some features of the system should be known before the numerical
integration. If the system is discontinuous or non-smooth then the system must ﬁrst
be transformed to a piece-wise smooth system. It is very important but not easy
to do for a complicated system like the three-piece-freight-truck with dry friction.
Next if the system is stiﬀ then a suitable integral algorithm should be selected. In
practical, the fast explicit integral formula are ﬁrst selected if they fail then we try
other implicit methods.
There are many numerical integral methods that can be used for the solution of
the DAEs with index 1. We use Runge-Kutta's method for our problem because it
is eﬀective and zero-stable.
From the theoretical point of view, the continuous Diﬀerential-Algebraic-Equations
(DAEs) can be solved without great diﬃculty. We use the following algorithm to solve
the system.
8.1.1 Numerical algorithm for solving the DAEs for the slip
state
step 1
From the velocities and displacements obtained in the previous step, the kinematic
constraint parameters between wheels and rails can be determined.
Step 2
Calculation of the normal loads and creep forces between wheels and rails.
Step 3
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The uncoupled motions of the perturbation rotations of the wheelsets, (χ¨wi, i =
1, · · · , 4) can be determined.
Step 4
Determination of the spring forces of the secondary suspensions, the dead-band stop
forces, the anti-warp forces and others.
Step 5
With the friction forces on the surfaces of the wedges contacting the side frames that
are obtained in the previous step the normal forces on the surfaces of the adapters
can be determined.
Step 6
Determination of the friction direction angles for the friction on the surfaces of the
wedges and the adapters.
Step 7
Solution of the Eq.(8.15).
Step 8
Calculation of the state space variables and repeat step 1 to step 7.
8.2 The stick-slip motion of the system
From the equation(8.1) we know that when some relative velocities equal zero the
corresponding friction forces can not be directly calculated by the equations (2.16)
or (3.15) and (3.17). In some cases they are evaluated by the equations (2.16) or
(3.15) and (3.17) and in some cases they are determined by the way described in
the chapter 4. That means that the stick-slip motion causes not only a discontinuity
but also a collapse of the state space because the degrees of freedom of the system
change. So the Eq.(8.1) can not be directly used to evaluate the integrated function
in the stick motion.
8.2.1 The switch conditions for the sub-system of the wagon-
bolster-wedges
From Eq. (8.1) the sub-system of the wagon-bolster-wedges can be written as fol-









where x¨odb is deﬁned by(8.2) and the other terms can be found in the appendix B.
In chapter 3 the improved model of the wedge dampers have been derived and
their dynamical performances have been analyzed. In chapter 7 we have combined
this model into the complete three-piece-freight-truck system. Thereby some new
problems arise. One is that the side frame is ﬁxed in the wedge dampers model, such
that the friction force is equal to the input force on the wedge for the stick motion
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between the wedge and the side frame. The second is that the motion of the wedge
dampers are not inﬂuenced by the motion state of the other end of the bolster. Last,
but not least, the eﬀect of the roll rotation of the bolster should be included.
Here we will discuss these new problems and ﬁnd a way to describe the stick-
slip motion between the wedges, bolsters and side frames in the lateral and vertical
directions.
Figure 1.2 shows the complete wedge damper system for one three-piece truck. It
is made up of one bolster, four wedges and two side frames.
For the relative motions between the bolsters/wedges and side frames in the lateral
direction the following relations are true while the stick motions take place
Vb1f1 = v˙b1 − v˙f1 = 0, Vb1f2 = v˙b1 − v˙f2 = 0 (8.18)
and
Vb2f3 = v˙b2 − v˙f3 = 0, Vb2f4 = v˙b2 − v˙f4 = 0 (8.19)
where vb1f1 denotes the relative velocity between the bolster 1 and frame 1 and so
on.
The diﬀerent possible stick motions are expressed by the following conditions:
• Vb1f1 = 0, Vb1f2 = 0, Vb2f3 = 0, Vb2f4 = 0;
• Vb1f1 = 0, Vb1f2 6= 0, Vb2f3 = 0, Vb2f4 6= 0;
• Vb1f1 6= 0, Vb1f2 = 0, Vb2f3 6= 0, Vb2f4 = 0.
In the same way we have used in chapter 4, the switch conditions and the corre-
sponding friction forces can be derived as







)| ≤ |fµsf1dy|, (Vb1f1 = 0, Vb1f2 6= 0),(8.20)







)| ≤ |fµsf2dy|, (Vb1f2 6= 0, Vb1f2 = 0),(8.21)







)| ≤ |fµsf3dy|, (Vb2f3 = 0, Vb2f3 6= 0),(8.22)







)| ≤ |fµsf4dy|, (Vb2f4 6= 0, Vb2f4 = 0),(8.23)
fµf1dy + fµf2dy = | 12mf +mb [2Finb1ymf −mb(Finf1y + finf2y)]|
≤ |fµsf1dy + fµsf2y|, (Vb1f1 = 0, Vb1f2 = 0) (8.24)
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and
fµf3dy + fµf4dy = | 12mf +mb [2Finb2ymf −mb(Finf3y + finf4y)]|
≤ |fµsf3dy + fµsf4y|, (Vb2f3 = 0, Vb2f4 = 0). (8.25)
where fµf1dy denotes the acting friction force in the lateral direction and similarly
for the others. fµsf1dy and so on stands for the corresponding static friction force.
Finb1y, Finf1y and so on are the input forces on the bolsters and frames in the lateral
direction.
We know from chapter 2, 3 and 4 that in the simple system the input forces do not
include the friction forces but for the multi-point contacts between one bolster and
two side frames the kinematical friction forces must be included. That means if the
relative motion on any one contact surface is diﬀerent from zero then the kinematical
friction force on that surface should be included in the corresponding input force.
After getting the acting friction forces in the stick states, the corresponding input
forces which are used to calculate the corresponding friction direction angle on that
contact surface are set to be equal to the corresponding acting friction forces. The
friction direction angle is used to determine the static friction force components that
are necessary in the switch conditions. The acting friction forces on the surfaces of
the wedges in the vertical direction are determined in the following way:
We take the truck 1 to be an example. The stick motions will take place if the
following conditions
Vbd12z = w˙b1 + φ˙b1b∗bs2 − w˙d1 = 0, (8.26)
Vbd34z = w˙b1 − φ˙b1b∗bs2 − w˙d3 = 0 (8.27)
are fulﬁlled. Here we assume w˙d1 = w˙d2 and w˙d3 = w˙d4.
For any possible stick motion we have the conditions below
Vbd12z = 0, Vbd34z = 0, (8.28)
Vbd12z = 0, Vbd34z 6= 0, (8.29)
Vbd12z 6= 0, Vbd34z = 0. (8.30)
Here we use a simple way to describe the acting friction forces on the surfaces
of the wedges in the vertical direction. The basic idea is that the input force on
the bolster in the vertical direction is directly used to determine the acting friction
forces. To the end we have
fµbd12zt=Finbz−fµbd34z, (Vbd12z = 0, Vbd34z 6= 0), (|fµbd12zt| ≤ |fµbd12zs|)), (8.31)
fµbd1zt=0.5fµbd12zt, fµbd2zt = 0.5fµbd12zt (8.32)
fµbd34zt=Finbz−fµbd12z, (Vbd12z 6= 0, Vbd34z = 0), (|fµbd34zt| ≤ |fµbd34zs|)), (8.33)
fµbd3zt=0.5fµbd34zt, fµbd4zt = 0.5fµbd34zt (8.34)
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and
fbd12zt = fµbd34zt =
Finbz
2
, Vbd12z = 0, Vbd34z = 0, |Finbz| ≤ |fµbd12zs+ fµbd34zs|
(8.35)
We know that the motions of the wedges in the longitudinal and vertical directions
depend on the vertical motion of the bolster so for the stick motions the friction
force on the surface of the wedge contacting the frame is determined by the following
relations
fµfdizt=−fµbdizt, i = 1, · · · , 4 (8.36)
fµfdixt=(−1)i+1fµbdizt(tan γ + tanφ), i = 1, · · · , 4 (8.37)
In the same way we can derive the similar formulae for the truck 2 (see Figure 6.2).
We use the acting friction force to replace the corresponding friction forces which
are calculated by the normal force timing the friction coeﬃcient.
8.2.2 Determination of the normal forces on the surfaces of
the adapters
The normal forces on the surfaces of the adapters are related to the motions of the
side frames in the vertical and pitch directions and wheelsets in the vertical and roll













where the entries of the matrix can be found in the appendix C.
8.2.3 The switch conditions for the stick-slip motion between
frames and wheelsets













For the sake of convenience the switch conditions and the corresponding acting fric-
tion forces on the surfaces of the adapters, we treat the equations of the front truck
and rear truck individually.
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The normal contact forces Nfuvyf ,Nfuvyr have been determined by the (8.38). For
the slip motion the entries of the matrices Afvyf , Afvyr, Awuvyf and Awuvyr are
only related to the kinetic friction coeﬃcient and the system can be integrated di-
rectly. Trouble will arise while the stick motions appear between the frames and
the wheelsets. In that case the friction force on that surface of the adapter neither
equals the static friction force nor equals zero unless the corresponding input forces
are zero. In fact the friction forces (acting friction forces) can be determined with
the switch conditions.
It is strenuous work to ﬁnd the all switch conditions and to calculate of the
corresponding friction forces for the stick-slip motion of the sub-system of the bolster-
frame wheelsets although the method is the same as that we have used in chapter
4. First we rewrite the related equations of the sub-system from chapter 7 and
the kinematic constraints among the bolsters, side frames and the wheelsets in the
longitudinal and lateral directions and the yaw rotation of the bolsters. Then we ﬁnd
all possible combinations of the stick-slip motion to get the switch conditions. The
detailed description is provided in appendix D.
As a result when the stick motion of all the contact surfaces between side frame













a11 0 a13 0 a15 0 a17 0
a21 0 a23 0 a25 0 a27 0
a31 0 a33 0 a35 0 a37 0
a41 0 a43 0 a45 0 a47 0
0 a52 0 a54 0 a56 0 0
0 a62 0 a64 0 0 0 a68
0 a72 0 0 0 a76 0 a78
0 0 0 a84 0 a86 0 a88

(8.44)








































































































































































































F1m = [Fmx1 Fmx2 Fmx3 Fmx4 Fmy1 Fmy2 Fmy3 Fmy4]
T . (8.45)
Then the switch condition can be expressed as a combination of (D.31)-(D.38) and
|ffwx1| ≤ |ffwx1s|, |ffwy1| ≤ |ffwy1s|, |ffwx2| ≤ |ffwx2s|,
|ffwy2| ≤ |ffwy2s|, |ffwx3| ≤ |ffwx3s|, |ffwy3| ≤ |ffwy3s|, (8.46)
|ffwx4| ≤ |ffwx4s|, |ffwy4| ≤ |ffwy4s|
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where the static friction force components ffwx1s, · · · are determined by the normal
forces, the friction coeﬃcient and the corresponding friction direction angles.











b11 0 b13 0 b15 0 b17 0
b21 0 b23 0 b25 0 b27 0
b31 0 b33 0 b35 0 b37 0
b41 0 b43 0 b45 0 b47 0
0 b52 0 b54 0 b56 0 0
0 b62 0 b64 0 0 0 b68
0 b72 0 0 0 b76 0 b78











































































































































































































F2m = [Fmx5 Fmx6 Fmx7 Fmx8 Fmy5 Fmy6 Fmy7 Fmy8]
T . (8.50)
So that the switch condition is a combination of (D.47)-(D.54) and
|ffwx5| ≤ |ffwx5s|, |ffwy5| ≤ |ffwy5s|, |ffwx6| ≤ |ffwx6s|,
|ffwy6| ≤ |ffwy6s|, |ffwx7| ≤ |ffwx7s|, |ffwy7| ≤ |ffwy7s|, (8.51)
|ffwx8| ≤ |ffwx8s|, |ffwy8| ≤ |ffwy8s|.
As we have shown in chapter 4, if the acting friction forces are correctly determined
for any stick motion of the system then the degrees of freedom of the system can
automatically vary from one state space to another one with a diﬀerent dimension.
From a mathematical point of view the corresponding numerical integration method
can be used without violation of the assumption of continuity.
Based on the theory we have discussed from chapter 2 to chapter 8 the program
named TruCars has been developed for the purpose of the simulation of the motion
of the three-piece-freight-truck. With the program the numerical studies can be done.
We will perform the numerical investigation in the next chapter.
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C h a p t e r 9
The numerical investigation
and the results
In this chapter we use the model of the three-piece-freight-truck which we have de-
rived in previous chapters which is developed based on the model to investigate its
dynamic performances under various conditions. We will study the hysteresis loop
of the contact forces on the surfaces of the wedges under harmonic excitations from
the track. The critical speed of the system will be calculated and the chaotic motion
of the three-piece-freight-truck will be validated. The characteristics of the track
irregularity can be described by the Power Spectral Density(PSD) but the PSD can
not be used directly for the response analysis of the nonlinear dynamic system. We
will derive a way to transform the PSD into a time series and then use the time
series as the simulation of the rail irregularities in the lateral and vertical directions.
Then the responses of the system to the track irregularity will be simulated. The
comparison of the numerical results and the measured results is performed.
9.1 Discussion of the critical speed
There are two diﬀerent critical speeds of vehicles on railways: The linear critical
speed and the nonlinear critical speed. The line critical speed means the velocity at
which the stationary solution loses its stability through a Hopf bifurcation. The linear
critical speed usually gives a higher critical speed than the measured one[True, 1983-
2000]. The nonlinear critical speed is the lowest speed for which a periodical motion
exists and it will be determined by the bifurcation analysis. Normally the critical
speed means the nonlinear critical speed in the railway vehicle system dynamics.
We know that the numerical investigation of nonlinear dynamical systems is time
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consuming even for rather simple dynamic systems. Because the dynamical system
of the three-piece-freight is very complicated due to the characteristics of the non-
smoothness and the discontinuities and the collapse of the state space caused by
the stick-slip motion originating from the two-dimensional dry friction, the time for
computation of the necessary data for the bifurcation and the ﬁrst return map for
the purpose of a ﬁne visualization is very long.
Figure 9.1 shows the bifurcation diagram for the determination of the critical
speed. From the ﬁgure we see that the motion of the wheelset 1 changes from a
stable steady motion to a periodic motion and then jumps into a chaotic motion
when the speed increases. Otherwise, when decreasing from high speed to low speed
then the motion changes from chaotic to steady without the periodic motion state.
The linear critical speed of the three-piece-freight-truck is about 28.1 m/s and the
nonlinear critical speed is about 20.5 m/s for the empty car.
In the speed range 20.5m/s to 26.2m/s we therefore ﬁnd a steady as well as a
chaotic attractor. In the speed range 26.2m/s to 28.5m/s there exist three attractors-
a steady, a periodic and a chaotic one and above 28.5m/s only a chaotic attractor
exists. It is important to note that these results only concern the existence of attrac-
tors. Other investigations of nonlinear mechanical systems[True, 1999] have shown
that the coexistence of chaotic attractors may lead to chaotic transients in the sys-
tem with dangerously high amplitudes. This calls for further investigations of the
dynamics of the three-piece-freight-truck model.


























Figure 9.1: Left: The bifurcation diagram of the three-piece-freight-truck with speed
from 20 m/s to 30 m/s. Right: The bifurcation diagram of the three-piece-freight-
truck with speed from 28.5 m/s to 16 m/s.
It should be pointed out that the amplitudes of the motions of the wheelsets are
not zero even at a low vehicle speed because the dry friction produces a stick-slip
motion. The case is illustrated in Figure 9.2 and Figure 9.3. From the ﬁgures we
know that the longitudinal displacements, uw1, uw3 of the wheelsets 1 and 3 diﬀer
from zero. The reason is that there exists a clearance between the whleeset and the













































Figure 9.2: The motions of the wheelset 1 at the vehicle speed 20 m/s
side frame in the longitudinal direction and friction on the contact surface of the
wheelset and the side frame is two-dimensional. The yaw of the wheelsets 1 and 3
diﬀer from zero. They are not periodic motion because the motion is inﬂuenced by
the stick-slip motion between the wheelset and the side frame. In the one-dimensional
case, the stick-slip motion is chaotic with one-dimensional dry friction. We may say
the stick-slip motion of the wheelset is chaotic too with the two-dimensional dry
friction at a lower vehicle speed.
9.2 An investigation of the chaotic motion
In the study of dynamical systems the tools that are often used are: a phase space,
a Poincare´ map(or Lorenz ﬁrst return map), the power spectra and the Lyapunov
exponents. They provide information about the dynamics of the system for speciﬁc
values of the parameters, e.g. the speed V in railway vehicle systems. The dynamics
may also be viewed more globally over a range of parameter values, thereby allowing
simultaneous comparison of periodic and chaotic behavior. The bifurcation diagram
provides a summary of the essential dynamics and is therefore a useful method of
acquiring this overview.
The bifurcation window from speed 28.5 m/s to 29.42 m/s is shown in the Figure
9.4. It should be noted that because of the long computer time for the complicated
dynamical system the steps of the speed can not be too small. Therefore the ﬁgure
is not very detailed but anyhow it still can provide information about the chaotic















































Figure 9.3: The motions of the wheelset 3 at the vehicle speed 20 m/s
motion. For the speed 29m/s the lateral displacement of the four whelssets is shown
in Figure 9.5. The eﬀects of the impacts between the side frames and the adapters
and as well as the friction forces on the surfaces of the wedge and the adapters may
be the main facts to make the chaotic motion special.
Here we compare the result obtained by the simulation using the present model
with that obtained by NUCARS. The result comes from China Academy of Railway
Sciences[Li, 2000] is shown in Figure 9.6. In that model a gondola three-piece-freight-
wagon is used and some parameters are little diﬀerent from the one we used in the
present thesis but the model is very diﬀerent. As we have seen in the previous chapters
in our model the characteristics of the two-dimensional friction, stick-slip motion and
the structure varying systems are included. That makes the obvious diﬀerence from
the model derived with NUCARS. From the numerical results shown in Figures 9.5
and 9.6 we can ﬁnd the diﬀerence of the motion between the two models. With our
model, the lateral motion of the wheelset is not periodic because of the eﬀect of the
impact force of the dead-band stop and the stick-slip motion between the wheelset
and the side frame with two-dimensional dry friction. The lateral motion of the
wheelset from the model with NUCARS looks like a periodic motion because in that
model the two-dimensional dry friction and the stick-slip motion are neglected.
The phase diagrams of the wheelsets 1 and 2 are shown in Figure 9.7.
The ﬁrst return maps of the lateral displacements of wheelsets number 1 and 2
are shown in the Figure 9.8. And the ﬁrst return maps of the yaw of the wheelsets
1 and 2 are shown in the Figures 9.9.
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Figure 9.4: The bifurcation diagram of the lateral motion of the wheelset 1 from the
speed 28.5m/s to 29.5m/s.


































Figure 9.5: The lateral displacements of the wheelsets with the speed 29m/s.
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s 
Figure 9.6: The lateral displacements of the wheelsets with the speed 22.778m/s with
NUCARS [Li, 2000]. The unit of the vertical axis is meter.
























































Figure 9.7: The phase diagrams of the wheelsets 1 and 2 with the speed 29m/s.
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Figure 9.8: The ﬁrst return maps of the lateral displacements of wheelsets number 1
(left) and 2 (right) with the speed 29 m/s for the empty car.

































Figure 9.9: The ﬁrst return maps of the yaws of wheelsets number 1 (left) and 2
(right) with the speed 29 m/s for the empty car.
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We only have about 2000 points in the ﬁrst return map. From the bifurcation
diagram, the lateral displacement curves of the wheelsets, the phase diagrams and the
ﬁrst return maps we can deﬁnitely claim that the motion of the three-piece-freight-
truck is chaotic for the running speed 29 m/s. We can also ﬁnd that the chaotic
motion of the three-piece-freight-truck is obviously diﬀerent from the chaotic motion
of the Cooperrider's passenger car model[True, 1999] since the chaotic motion is not
a small perturbation on a dominating periodic motion.
9.3 The hysteresis loops of the contact forces on the
surfaces of the wedges
We use the sinusoidal function as an excitation on the vertical alignment of the track.
The sinusoidal function is deﬁned by




where Am denotes the amplitude with the values 6 mm for both rails; Lw is the wave
length with a value of 10m. s stands for the running distance. The speed of the
vehicle is 20m/s(72km/h). The friction function (1.4) is used and an empty car is
considered because the possibility of the derailment of the empty car is much greater
than the loaded car for the same running speed.
Figure 9.10 shows the motion of one end of the bolster relative to the correspond-
ing side frame. Figure 9.11 shows the friction forces on the surfaces of the wedge.
The upper subplot is the friction force on the surface of the wedge contacting the bol-
ster in vertical direction; the middle and lower subplots denote the friction force on
the surface of the wedge contacting the side frame in lateral and vertical directions,
respectively. Because there is no lateral parasitic motion in the lateral direction of
the bolster the friction force in that direction is zero as it should be. Figure 9.12
shows the hysteresis loop of the normal forces on the surfaces of the wedge. Figure
9.13 shows the normal contact force on the surface of the adapter.
The phenomenon of the hysteresis of the normal forces on the surfaces of the
wedge is due to the friction forces on the surfaces of the wedge. If the friction
direction angle varies discontinuously then the direction of the friction force vector
changes discontinuously. Therefore the discontinuous friction forces ﬁnally cause the
jump of the normal contact forces. In other words, the jump of the friction direction
angle causes the jump of the normal contact forces. So the phenomenon of the
hysteresis of the normal contact forces on the surfaces of the wedge appears.
If the wavelength is changed to 4 m and other parameters are unchanged then the
friction forces and the normal forces on the surfaces of the wedge 1 change as shown
in Figures 9.14 and 9.15. We see from Figures 9.12 and 9.15 that the amplitude of
the response of the bolster in vertical direction is larger in the case of the longer
wavelength(10 m) than in the case of the short wavelength(4 m).
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Figure 9.10: The stick-slip motion of the front bolster in the vertical direction





























Figure 9.11: The friction force on the surface of the wedge when the wavelength of
the periodic disturbance is 10 m. The upper subplot shows the friction force between
the wedge and the bolster in the vertical direction; the middle and lower subplots
denote the friction force between the wedge and the frame in the lateral and vertical
directions respectively.
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Figure 9.12: The hysteresis loops of the normal forces on the surface of the wedges 1
and 2. The abscissa denotes the vertical displacement of the bolster and the vertical
coordinate denotes the normal force. The left subplot is the normal forces on the
surfaces of the wedges contacting the frame and the right subplot shows the normal
forces on the surfaces of the wedges contacting the bolster.

















Figure 9.13: The normal force on the surface of an adapter contacting the side frame
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Figure 9.14: The friction force on the surface of the wedge when the wavelength of the
periodic disturbance is 4 m. The upper subplot shows the friction force between the
wedge and the bolster in the vertical direction; the middle and lower subplots denote
the friction force between the wedge and the frame in the lateral and vertical direction
respectively.










































Figure 9.15: The hysteresis loops of the normal forces on the surface of the wedges 1
and 2. The abscissa ordinate denotes the vertical displacement of the bolster and the
vertical coordinate stands for the normal force. The left subplot is the normal forces
on the surfaces of the wedges contacting side frame and the right subplot denote the
normal forces on the surfaces of the wedges contacting the bolster.
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vertical alignment(c) cross level (d)
(b)track gauge(a) lateral alignment
Figure 9.16: Deﬁnitions of track irregularities
9.4 The responses of the system to an irregular track
9.4.1 A description of the tangent track with irregularities
The irregularities of the track geometry are deﬁned in terms of four parameters as
shown in Figure 9.16. The deviations of the track gauge, the lateral alignment, the
cross level and the vertical alignment(Garg and Dukkipati, 1984) are
The gauge:
g = (vl − vr)/2. (9.2)
The cross level:
cl = (wl − wr)/2. (9.3)
The lateral alignment:
al = (vl + vr)/2 (9.4)
and the vertical alignment:
av = (wl + wr)/2. (9.5)
where vl, vr denotes the lateral variations of the left and right rails respectively;
wl, wr denotes the vertical variations of the left and right rails respectively.
9.4 The responses of the system to an irregular track 155
Table 9.1: The parameters of the determination of the PSD
Symbols Units 6 5 4 3 2 1
Av cm2/rad/m 0.0339 0.2095 0.5376 0.6816 1.0181 1.2107
As cm2/rad/m 0.0339 0.0762 0.3027 0.4128 1.2107 3.3634
Ωs rad/m 0.4380 0.8209 1.1312 0.8520 0.9308 0.6046
Ωc rad/m 0.8245 0.8245 0.8245 0.8245 0.8245 0.8245
Together with the half gauge b these quantities describe any type of tracks.
The power spectral density(PSD for short) of a random process provides the
frequency composition of the data in terms of the spectral density of their mean
square value.
The track geometry data base that represents a reasonable sample of track in
the Unites States have been established for the analytical characterization of track
geometry variations. There are various PSDs of the tracks provided by e.g. FRA(The
Federal Railroad Administration), and the German PSD. In the present thesis the
















where S(Ω) denotes the relative PSDs; Ω stands for the spatial wave number (rad/m)
that is related to the time frequncy fh (Hertz) by the relation Ω = 2pifh/V . Other
quantities are deﬁned in the table 9.1.
9.4.2 Transformation of the Power Spectral Density(PSD) to
Time series
For the nonlinear system the PSD can not be directly used as the excitations to
obtain the responses because the principle of the superposition does not hold. The
usual way is ﬁrst to transform the PSD into time series as the excitations for the
response analysis.
There may be diﬀerent ways to transform the PSD into its corresponding time
series. Inspired by G. Cheng[Cheng, 2000] we use the following way to do this.
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We know that for a discrete time series xn, n = 1, ..., N its frequency response
or spectrum can be obtained by means of the Finite Fourier Transform(FFT) [Ben-






)jk), (k = 0, 2, · · · , N − 1) (9.9)
where i =
√−1. The modulus of the frequency spectrum, Xk is of even symmetry
and the argument of the Xk is of odd symmetry about N/2, where N = 2q and q
is selected as an integer which depends on the sampling time, the vehicle speed and
the minimal wavelength.





|Xk|2, (k = 1, 2, · · · , N/2− 1) (9.10)
and the two-sided auto-power spectral density(PSD) is then
Sk2 = Sk1/2. (9.11)






in which the ∆t denotes the sample interval and is selected to produce an adequate
Nyquist frequency.







|Xk|2, (k = 1, 2, · · · , N/2− 1) (9.13)
So that if the one-sided PSD is known a priori then the modulus of the frequency




Sk(k∆f)∆f, (k = 1, 2, · · · , N/2− 1) (9.14)
and if the PSD is given as a two-sided power spectral density then
|Xk| = N
√
Sk(k∆f)∆f, (k = 1, 2, · · · , N/2− 1) (9.15)
Then the spectrum can be written as[Bendat, 2000]
Xk = |Xk| exp(iφk), (k = 1, 2, · · · , N/2− 1) (9.16)
where φk is assumed as uniformly distributed random numbers in the interval(0,2pi).
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Figure 9.17: The irregularity of the vertical alignment of a track transformed from
the PSD of class 6. The unit of the vertical axis is mm.
The numbers of the frequency spectrumXk only contains the half integer data(k=
1,2,· · · , N/2 − 1). The other half can be directly obtained using its symmetric
character.
To the end, we do the inverse ﬁnite Fourier transform(IFFT) on the frequency









), (n = 0, 1, 2, · · · , N − 1) (9.17)
then the time series x(n) can be obtained from the speciﬁed PSD.
The time series obtained in this way depends on the vehicle speed, V and the
minimal and maximal wave length, Lmin and Lmax.
Figure 9.17 shows the vertical alignment of a track which is transformed from the
PSD of class 6 corresponding to the speed 20m/s. We use this time series to calculate
its power spectral density (PSD) and compare it with the result by formula(9.6) and
we can ﬁnd that the diﬀerence is acceptable. The results are shown in Figure 9.18.
With the relations (9.2)-(9.5) the four parameters of the gauge, cross level, lateral
alignment and vertical alignment can also be transformed to the geometric deviations
of the proﬁles of the rails in the lateral and vertical directions. Figure 9.19 shows the
vertical irregularities of the right rail with the PSD of class 1 to 6.
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Figure 9.18: The comparison of the theory and simulated PSD of class 6. The solid
line denotes the PSD calculated by formula(9.6) and the solid line with ∗ on it is the
simulated PSD.






































































Figure 9.19: The deviation of the proﬁles of the right rail in the vertical direction
transformed from the PSD of class 1 to 6.
9.4 The responses of the system to an irregular track 159

























































Figure 9.20: The responses of the car body to the irregular track class 6 for the empty
car. vo, wo, χo and ψo denote the lateral displacement, vertical displacement, roll,
pitch and yaw rotations of the car body respectively.


































Figure 9.21: The derailment coeﬃcients of the right wheel/rail and the left wheel/rail
of the wheelsets 1 under the excitation of the track PSD class 6 for the empty car.
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Figure 9.22: The lateral and vertical irregularities of the rails. ryl, ryr denote the
lateral deviations of the left/right rails; rzl, rzr denotes the vertical deviations of the
left/right rails.
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9.4.3 The responses of the three-piece-freight-truck to the ir-
regular track
We use the time series that we have just obtained to be the deviations of the rails in
the lateral and vertical directions. The track of class 6 and the running speed 20 m/s
(72km/h) of the vehicle are selected. The parameters of the three-piece-freight-truck
are shown in appendix E.
Figure 9.20 shows the motions of the car body in the lateral, vertical displace-
ments; roll and yaw rotations. Figure 9.21 shows the derailment coeﬃcients, Y/Q of
the right wheel/rail and the left wheel/rail of the wheelsets 1. The derailment coef-
ﬁcent is deﬁned by the ratio of the lateral contact force to the vertical contact force
between a wheel and a rail. An acceptable critical value of the derailment coeﬃcient
is about 0.8.
The results show that the motion of the three-piece-freight-truck is safe when the
running speed is less than the nonlinear critical speed 20.5m/s (73.8 km/h).
In order to compare the numerical results with the measured results we next use
the geometric deviations of the proﬁles of the rails which is transformed from the
track geometry PSDs provided by the Academy of China Railway Sciences [Cheng,
2000]. Unfortunately there is no measured data of the irregular track corresponding
directly to the track where the wheel/rail contact forces of the three-piece-freight-
truck are measured. The lateral and vertical geometric deviations of the proﬁles of
the left and right rails are shown in Figure 9.22. The running speed used in our
simulation is 78km/h
The measured lateral and vertical wheel/rail contact forces on the right rail are
shown in Figure 9.23. The running speed of the vehicle is 78km/h.
The numerical results of the lateral and vertical forces between the right wheel/rail
are shown in Figure 9.24. We can ﬁnd that the range of the lateral and vertical contact
forces between the numerical and the measured results are similar. The diﬀerence
between the numerical and measured results is probably due to the fact that the
new truck is used in the numerical simulation but the used truck is used in the
measurement.
Figure 9.25 shows the measured acceleration of the car body near the front center
plate in the lateral direction. The lateral acceleration of the car body at the center
plate from our simulation is shown in Figure 9.26.
In addition to the above results the other simulation results are shown in Figures
9.27-9.31. Figure 9.27 shows the tangential and normal forces on the front center
plate between the car body and the bolster.
From Figure 9.28 we can ﬁnd that the distribution of the normal forces on the
surfaces of the wedges number 1 and 2 is asymmetrical due to the eﬀect of the tractive
eﬀort.
Figure 9.29 shows the friction forces on the surfaces of the wedge number 1 in the
lateral and vertical directions.
Figure 9.30 shows the displacements of the front wheelset. We can ﬁnd that the
longitudinal displacement of the wheelset is about 2mm so it should not be neglected
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Figure 9.23: The measured lateral and vertical forces between the right wheel/rail.

































Figure 9.24: The simulated lateral and vertical forces between the right wheel/rail.
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Figure 9.25: The measured lateral acceleration of the car body near the front center
plate. Upper subplot: The speed V is 75 km/h. Lower subplot: The speed V is 80
km/h. g = 9.81m/s2 [Li, 2000]
















Figure 9.26: The simulated lateral acceleration of the front center plate. g = 9.81m/s2
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Figure 9.27: The simulated lateral and vertical forces reacting on the front center
plate.







































Figure 9.28: The normal forces on the surfaces of the wedge number 1 and 2 (see
Figure 6.3)
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Figure 9.29: The friction force on the surface of the wedge when the wavelength of
the periodic disturbance is 4 m. The upper subplot shows the friction force on the
surface of the wedge contacting the bolster in the vertical direction; the middle and
lower subplots denote the friction force on the surface of the wedge contacting the
frame in the lateral and vertical direction respectively
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Figure 9.30: The parasitic motion of the front wheelset. u, v denotes the longitudinal
and lateral displacements; φ, ψ denotes the roll and yaw rotations of the wheelset.
for the modelling of the dynamics of the three-piece-freight-truck.
Figure 9.31 then shows the derailment coeﬃcient of the right wheel/rail of the
front wheelset.






















Figure 9.31: The derailment coeﬃcient of the right wheel/rail of the front wheelset.
The running speed 78km/h (21.67m/s) is higher than the nonlinear critical speed
73.8km/h(20.5m/s) so the motion of the three-piece-freight-truck is unsafe. The
strong hunting motion of the wheelsets is clearly seen (see Figure 9.30).
C h a p t e r 10
Conclusion
In this ﬁnal chapter we will review in 10.1 the results which we have achieved in this
thesis, and in 10.2 we will make some observations on further research.
10.1 Conclusion
The main results which have been achieved in this thesis are:
• The deﬁnition of the friction direction angle for the two-dimensional dry friction
is described and implemented into an algorithm. It can be eﬃciently used to de-
termine the components of the friction force vector in both stick and slip motion
modes especially in the complex systems. It replaces the sign function used in the
one-dimensional dry friction analysis.
• The stick-slip motion between two moving bodies caused by dry friction will cause
a collapse of the state space of the system. If the stick motion mode is neglected
then at least the number of integration steps will increase greatly because a vibra-
tion of the corresponding velocity with very high frequency will take place, which
means that the problem becomes somewhat like stiﬀ phenomenon, which may lead
to incorrect numerical result. Therefore the stick mode should be included and the
switch conditions must be found to treat the structure varying systems and the cor-
responding acting friction forces must be evaluated with the switch conditions.
• The switch conditions are diﬀerent for various mechanical systems. For the sub-
system of the bolster-wedge-frames we found two ways to treat the lateral and ver-
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tical stick-slip motions respectively. All switch conditions for the sub-system of the
bolster-frame-wheelsets are provided in detail.
• The degrees of freedom of the system will automatically change from one case to
another one if the acting friction forces are determined correctly for the stick mode.
• The method of on line evaluation of the three-dimensional kinematic constraint
parameters between wheels and rails are developed.
• The model of the three-piece-freight-truck includes the following characteristics.
F Two-dimensional dry friction on the surfaces of the wedges as well as on the sur-
faces of the adapters.
F There are 19 rigid bodies including the mass of the wedge in the railway vehicle
systems with the three-piece-freight-trucks and the degrees of freedom of the system
is 81.
F The stick-slip motions of the sub-systems of the bolster-wedge-frames and the
bolster-frame-wheelsets are considered.
F The eﬀect of the tractive eﬀort on the vehicle on the normal contact forces on
the surfaces of the wedges is included, which will cause an asymmetric distribution
of the normal contact forces and the friction forces on the one pair of the wedges on
the end of the bolster.
F The dead-band stops are introduced to describe the clearances between the side
frames and the adapters both in the longitudinal and lateral directions and the clear-
ances between the car body and the side supports.
F The anti-warp stiﬀness is incorporated into the description of the warping motion
of the three-piece-freight-truck.
F The elastic contact between a wheel and a rail is introduced to calculate the nor-
mal loads and the full nonlinear calculation of the creep forces.
In order to provide a fundamental method to treat the two-dimensional dry fric-
tion for the stick-slip motion analysis in chapter 2 we have introduced the conception
of the friction direction angle. With the friction direction angle it is convenient to
describe the stick-slip motion of the relative motion of two moving bodies in the two-
dimensional case. It can also be used to analyze anisotropic friction. The theoretical
and numerical studies have shown that the two-dimensional coupled oscillator can be
uncoupled under certain conditions. The orbit of the responses of a two-dimensional
friction oscillator will be a straight line segment, a circle or an ellipse depending on
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the details of the sinusoidal excitations. In the general case, the response is a complex
planar curve. For various levels of excitations, the zero-stop, one-stop, two-stops and
multiple stops per cycle will appear.
In chapter 3 we use the friction direction angle to model the wedge dampers in
detail. We have found that for the analysis of the relative motion of the two moving
bodies with dry friction the model which only considers the slip motion does not work
well because in the case of stick state the friction does not equal zero. In that case
the so-called switch conditions are needed to ﬁnd the acting friction forces. Some
results have been obtained below.
If the bolster is only forced to move along the lateral direction, not only lateral
but also vertical vibrations of a wedge will arise; and more it will induce a verti-
cal vibration of the bolster without any excitation in the vertical direction but the
amplitude of the vertical response is small compared with the lateral one.
The dynamical performance of the wedge dampers exposed to large and small
excitations have been analyzed. For small amplitude excitations the motions of the
wedge and the bolster are coupled. For certain large amplitudes of the exciting force
or for excitation frequency in the range of the resonant frequency of the system the
motions of the wedge and the bolster are separated.
In the case of coupled motion, the friction damping plays an important role to
prevent resonant vibration of the bolster in vertical direction when it is exposed to
a small amplitude exciting force with arbitrary frequency. If the amplitude of the
exciting force becomes suﬃciently large the dry friction can damp the level of the
response of the system but can not damp out the resonant vibration of the system.
The frequency response of the bolster in vertical direction is chaotic in nature.
For the investigation of the stick-slip motion of the system with more than two
moving bodies in the presence of two-dimensional dry friction, the degrees of freedom
of the system will change according to diﬀerent motion states of stick or slip. We have
provided a detailed description to treat the structure varying systems of this kind
in chapter 4. We found that, although without rigorous mathematical veriﬁcation,
if the acting friction forces are correctly evaluated with the corresponding switch
conditions for the stick-slip motion then the degrees of freedom of the system will
vary automatically. In other words, the discontinuous system will be automatically
a piecewise diﬀerentiable system.
In chapter 5 the on-line evaluation of the kinematic constraint parameters between
the wheels and rails with three-dimensional contact have been developed. We have
found that the yaw of wheelset inﬂuences both the kinematic constraint parameters
and the penetration between the wheel and the rail. The eﬀect can be neglected for
a small value of yaw rotation of the wheelsets.
From a mathematical point of view the multibody dynamical systems with dry
friction are discontinuous and a structure varying system. The three-piece-freight-
truck belongs to a system of this kind. In Chapter 6, chapter 7 and chapter 8 we
provide a way to model this complex system.
In chapter 9 we provided a method to transform the Power Spectral Density(PSD)
into a time series. We assume that the argument of the frequency spectra is uniformly
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distributed in the interval (0, 2pi) and use the relation between the PSD and the
modulus of the frequency spectra to obtain the modulus. Then we use the inverse
ﬁnite Fourier transform to obtain the time series. The PSDs (class 1 to 6) of tracks
provided by by FRA(Federal Railroad Administration) have been transformed into
the lateral and vertical geometrical deviations of the proﬁles of the two rails in time
domain.
Through numerical investigation with the model of the three-piece-freight-truck
the results have been obtained as following:
Because of the eﬀect of the two-dimensional dry friction on the surfaces of the
wedges and the surfaces of the adapters, and the eﬀect of the impact between the
side frames and the wheelsets in the longitudinal and lateral directions the motion
of the wheelsets in the lateral direction is not periodic. The lateral displacements of
the wheelsets from our model diﬀer from that with NUCARS[Li,2000].
The linear critical speed of the three-piece-freight-truck is about 28.5m/s and the
nonlinear critical speed is about 20.5m/s. The motion of the three-piece-freight-truck
is a chaotic motion for a certain speed range.
The normal loads on the wheelsets are not a periodic even though the periodic
excitation from the rails is periodic.
The normal forces and the corresponding friction forces on the two surfaces of the
wedge are asymmetric due to the tractive eﬀort. It must be included in the simulation
of the dynamics of the three-piece-freight-truck. The friction forces on the surfaces
of the wedges can be used to evaluate the wear state of the wedge damper.
The parasitic motion of the wheelset along the longitudinal direction inﬂuences
as well the creep forces as the contact state between the frame and the wheelsets.
Therefore it should be included in the dynamics analysis of the three-piece-freight-
truck.
In the stable motion state at low speed, the motions of the wheelsets are diﬀerent
from zero because of the eﬀect of the stick-slip motion produced by the dry friction.
In the present investigation the clearances between the frame and the adapter are the
same for left/right sides. If they are asymmetrical then the amplitude of the lateral
displacement of the wheelset in the steady motion may increase more or less.
From the bifurcation diagram, the phase diagram and the ﬁrst return map of the
lateral motions of the wheelsets we have concluded that the motion of the three-
piece-freight-truck is chaotic motion for a running speed, for example, 29m/s. And
more the chaotic motion of the three-piece-freight-truck is obviously diﬀerent from
the chaotic motion of the Cooperrider's passenger car model[True, 1999] in that the
chaotic motion is not a small perturbation on a periodic motion.
From a mathematical and multibody systems dynamics point of view the structure
varying systems caused by the two-dimensional dry friction in the motion of the
three-piece-freight-truck can not be correctly simulated with the softwares such as
ADAMS/Rail, MEDYNA and NUCARS at present.
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10.2 Further research
The further research should be focussed on the basic theory of stick-slip motion with
two-dimensional dry friction and its application in the three-piece-freight-truck as
well as in other mechanical systems.
It should be pointed out that in this thesis the stick-slip motions of the sub-
systems of the car body-bolster-wedges and the bolster-frame-wheelstes are treated
individually without considering the coupling eﬀects between them for their stick slip
motions.
In this thesis we deﬁne the friction direction angle to describe the components
of the friction force vectors on the contact surface of the two contacting bodies with
two-dimensional dry friction. An alternative way may be described as following.
For the friction force force components on the contact surface of two bodies





, (Vx ∨ Vy 6= 0) (10.1)
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(Vx ∧ Vy = 0,
(|Finx| > |Fyµs|) ∨ (|Fyin| > |Fyµs|)) ,(10.2)
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2
iny. (10.5)
Note that if the conditions (Vx ∧ Vy = 0) and (|Finx| < |Fxµs| ∧ |Finy| < |Fyµs|)
are fulﬁlled then the motion goes into the stick mode and the corresponding acting
friction force components, Fxµt and Fyµt should be determined by either of the input
forces in the x and y directions for the case of one moving body contacting a ﬁxed
body or by the switch conditions for the contact of two-moving bodies.
It can be imagined that it is not an eﬃcient way to describe the friction force
components for the complex system with two-dimensional dry friction. However, we
recommend that a model of the dynamics of three-piece-freight-truck be derived with
that method for the sake of comparison.
To ﬁnd a smart friction element to treat the stick-slip motion for the one and
two-dimensional dry friction including the structure varying system is no doubt a
very interesting topic. It has a potential application in mechanical systems as well
as in other systems.
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Nonlinear dynamic performances are always interesting topics since they depend
on the parameter changes. For the time limitation and the computation eﬃciency
we have not investigated more cases of variation of the parameters. The possible
existence of dangerous chaotic transients in the speed range with coexisting attractors
is needed to be investigated further.
In our investigation the constant anti-warp stiﬀness is used. It is argued that
the stability of the three-piece-freight-truck on straight track is obviously inﬂuenced
by the anti-warp stiﬀness. The anti-warp stiﬀness is characterized by many factors,
such as the secondary suspension, the dimension of the wedge, the friction state of
the wedge surfaces, the assembly clearances between the bolster, the wedges and
the side frames and the running state of the wedge dampers. How to evaluate the
anti-warp stiﬀness is of a considerable importance for the studies of the dynamics of
the three-piece-freight-truck.
In addition to the experiment for the stick-slip motions of a pair of wedge damper
systems with two-dimensional dry friction, the corresponding measurements on a
roller rig or on the ﬁeld track are urgently needed for the purpose of the comparison
with the numerical simulation results.
The present model can only be used for the motion simulations of the truck on a
straight track and a straight track with irregularities. The dynamic properties of the
truck on curved track is always signiﬁcant for the safety of the railway vehicles. We
may forecast that the clearances between the car body and the side supports will be
taken up and the roll of the car body will take place when the vehicle negotiates a
curved track. Therefore, the extension of the present model to the case of the vehicle
negotiating curved track is wanted.
A p p e n d i x A
The matrix of the equation
(3.64)
Here, we give each element of the matrices As which are used in (3.64). For arbi-
trary relative velocities η˙ of a wedge and a bolster, from formulae (3.58)-(3.62) the
resultant forces can be represented as:


















µkbcosθ2[1− sech(y˙dα)] + µsbCθ2sech(y˙dα)
}− Fkdy, (A.3)
Frz1 = Sd
{− µsdSθ1Cγsech(z˙dα)− µkdSθ1Cγ[1− sech(z˙dα)] + Sγ}
+Nb
{
µsbSθ2Cφsech(z˙dα) + Sφ+ µkbSθ2Cφ[1− sech(z˙dα)]
}
+Gd − Fkdz, (A.4)
Fry2 = Nb
{
Cθ2sech(y˙bα)[µkb − µsb]− µkbCθ2
}
+ Sy2 − Fkby, (A.5)
Frz2 = Nb
{
Sθ2Cφsech(z˙bα)[µkb − µsb]− Sφ− µkbSθ2Cφ
}
+Sz2 +Gb − Fkbz. (A.6)
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Further simplifying yields
Frx1 = Sda11 +Nba12 − Fkdx, (A.7)
Fry1 = Sda31 +Nba32 − Fkdy, (A.8)
Frz1 = Sda21 +Nba22 +Gd − Fkdz, (A.9)
Fry2 = Nba42 + Sy2 − Fkby, (A.10)
Frz2 = Nba52 + Sz2 +Gb − Fkbz (A.11)
hence the elements of the matrices As can be written as following.
a11 = Sθ1Sγsech(x˙dα)[µsd − µkd] + Cγ + µkdSθ1Sγ, (A.12)
a12 = Sθ2Sφsech(x˙dα)[µsb − µkb] + µkbSθ2Sφsech(x˙dα)− Cφ, (A.13)
a21 = −µsdSθ1Cγsech(z˙dα)− µkdSθ1Cγ[1− sech(z˙dα)] + Sγ, (A.14)
a22 = µsbSθ2Cφsech(z˙dα) + Sφ+ µkbSθ2Cφ[1− sech(z˙dα)], (A.15)
a31 = µkdCθ1[sech(y˙dα)− 1]− µsdCθ1sech(y˙dα), (A.16)
a32 = µkbcosθ2[1− sech(y˙dα)] + µsbCθ2sech(y˙dα), (A.17)
a42 = Cθ2sech(y˙bα)[µkb − µsb]− µkbCθ2, (A.18)
a52 = Sθ2Cφsech(z˙bα)[µkb − µsb]− Sφ− µkbSθ2Cφ. (A.19)
where Sθ,Cθ, Sγ, Cγ, Sφ,Cφ denote the short expressions of the sinθ, cosθ, sinγ,
cosγ, sinφ and cosφ.
A p p e n d i x B
The matrices for the relations
among the car body, bolsters
and wedges
For the determination of the sub-system of the car body-bolster-wedges in the lateral,










Ao1 = [Aoa Aob], Ad = [Ada Adb], Abvwr = [Aba Abb], (B.2)
Nodb = [Noby1 Nobz1 Noby2 Nobz2 Sd1 Nb1 · · · Sd8 Nb8]T (B.3)
Aoa =

1 0 1 0
0 1 0 1
0 −a∗oc 0 a∗oc
a∗oc µoρo(ψo − ψb1) −a∗oc µoρo(ψo − ψb2)







0 12 0 0
1
2 0





0 0 − 12a∗oc 0 0
 , (B.5)
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c11 c12 0 0 0 0 0 0
c21 c22 0 0 0 0 0 0
0 0 c33 c34 0 0 0 0
0 0 c43 c44 0 0 0 0
0 0 0 0 c55 c56 0 0
0 0 0 0 c65 c66 0 0
0 0 0 0 0 0 c77 c78
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
c99 c910 0 0 0 0 0 0
c109 c1010 0 0 0 0 0 0
0 0 c1111 c1112 0 0 0 0
0 0 c1211 c1212 0 0 0 0
0 0 0 0 c1313 c1314 0 0
0 0 0 0 c1413 c1414 0 0
0 0 0 0 0 0 c1515 c1516

(B.7)
where the nonzero entries of the matrix are
c11 = Cγ + µdSθd1Sγ, c12 = −Cφ+ µbSθb1Sφ,
c21 = Sγ − µdSθd1Cγ, c22 = Sφ+ µbSθb1Cφ,
c33 = −Cγ − µdSθd2Sγ, c34 = Cφ− µbSθb2Sφ,
c43 = Sγ − µdSθd2Cγ, c44 = Sφ+ µbSθb2Cφ,
c55 = Cγ + µdSθd3Sγ, c56 = −Cφ+ µbSθb3Sφ,
c65 = Sγ − µdSθd3Cγ, c66 = Sφ+ µbSθb3Cφ,
c77 = −Cγ − µdSθd4Sγ, c78 = Cφ− µbSθb4Sφ,
c87 = Sγ − µdSθd4Cγ, c88 = Sφ+ µbSθb4Cφ,
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c99 = Cγ + µdSθd5Sγ, c109 = −Cφ+ µbSθb5Sφ,
c109 = Sγ − µdSθd5Cγ, c1010 = Sφ+ µbSθb5Cφ,
c1111 = −Cγ − µdSθd6Sγ, c1112 = Cφ− µbSθb6Sφ,
c1211 = Sγ − µdSθd6Cγ, c1212 = Sφ+ µbSθb6Cφ,
c1313 = Cγ + µdSθd7Sγ, c1314 = −Cφ+ µbSθb7Sφ,
c1413 = Sγ − µdSθd7Cγ, c1414 = Sφ+ µbSθb7Cφ,
c1515 = −Cγ − µdSθd8Sγ, c1516 = Cφ− µbSθb8Sφ,




0 −SγSφ −b∗bs2SγSφ 0 0 0
0 SγSφ b∗bs2SγSφ 0 0 0
0 −SγSφ −b∗bs2SγSφ 0 0 0
0 SγSφ b∗bs2SγSφ 0 0 0
0 −SγSφ −b∗bs2SγSφ 0 0 0
0 SγSφ b∗bs2SγSφ 0 0 0
0 −SγSφ −b∗bs2SγSφ 0 0 0
0 SγSφ b∗bs2SγSφ 0 0 0
0 0 0 0 −SγSφ −b∗bs2SγSφ
0 0 0 0 SγSφ b∗bs2SγSφ
0 0 0 0 −SγSφ −b∗bs2SγSφ
0 0 0 0 SγSφ b∗bs2SγSφ
0 0 0 0 −SγSφ −b∗bs2SγSφ
0 0 0 0 SγSφ b∗bs2SγSφ
0 0 0 0 −SγSφ −b∗bs2SγSφ
0 0 0 0 SγSφ b∗bs2SγSφ

. (B.8)
The Aba and Abb are
Aba =

−1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1
 , (B.9)
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Abb =

d11 0 d13 0 d15 0 d17 0
0 d22 0 d24 0 d26 0 d28
0 d32 0 d34 0 d36 0 d38
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
d49 0 d411 0 d413 0 d415 0
0 d510 0 d512 0 d514 0 d516
0 d610 0 d612 0 d614 0 d616
 (B.10)
where the nonzero entries of the matrix are
d11 = µdCθd1, d13 = µdCθd2, d15 = µdCθd3, d17 = µdCθd4,
d22 = Sφ+ µdSθd1Cφ, d24 = Sφ+ µdSθd2Cφ,
d26 = Sφ+ µdSθd3Cφ, d28 = Sφ+ µdSθd4Cφ,
d32 = Sφb∗bs2 + µbCθb1Cφb
∗





d36 = Sφb∗bs2 + µbCθb3Cφb
∗





d410 = µdCθd5, d412 = µdCθd6, d414 = µdCθd7, d416 = µdCθd8,
d510 = Sφ+ µdSθd5Cφb, d512 = Sφ+ µdSθd6Cφb,
d514 = Sφ+ µdSθd7Cφb, d516 = Sφ+ µdSθd8Cφb,
d610 = Sφb∗bs2 + µbCθb5Cφb
∗





d614 = Sφb∗bs2 + µbCθb7Cφb
∗





And Jbvwr is a 6× 6 unit matrix. The mass matrices are
Mo1 =

mo 0 0 0
0 mo 0 0
0 0 Ioy 0
0 0 0 Ioz
 , (B.11)
Md = mdE (B.12)
where E is a 8× 8 unit matrix.
Mbvwr =

mb 0 0 0 0 0
0 mb 0 0 0 0
0 0 Ibx 0 0 0
0 0 0 mb 0 0
0 0 0 0 mb 0
0 0 0 0 0 Ibx
 . (B.13)
A p p e n d i x C
The matrices for
determination of the forces on
the surfaces of the adapters
The normal forces on the surfaces of the adapters depend on the weights of the car
body, bolsters and frames; the spring forces of the secondary suspension and the
friction forces on the surfaces of the wedges, the inertia forces of the wheelsets in the

















−1 −1 0 0 0 0 0 0
awb −awb 0 0 0 0 0 0
0 0 −1 −1 0 0 0 0
0 0 awb −awb 0 0 0 0
0 0 0 0 −1 −1 0 0
0 0 0 0 awb −awb 0 0
0 0 0 0 0 0 −1 −1
0 0 0 0 0 0 awb −awb

, (C.2)
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1 0 1 0 0 0 0 0
bws 0 −bws 0 0 0 0 0
0 0 1 0 1 0 0 0
0 0 bws 0 −bws 0 0 0
0 0 0 0 1 0 1 0
0 0 0 0 bws 0 −bws 0
0 0 0 0 0 1 0 1




Mfwp = E[mf Ify mf Ify mf Ify mf Ify]T , (C.5)
Mwwr = E[mw Iwx mw Iwx mw Iwx mw Iwx]T (C.6)
where E denotes a 8× 8 unit matrix.
A p p e n d i x D
The switch conditions for the
bolster-frame-wheelset
subsystem
In this appendix we provide the formulations of the switch conditions for the stick-slip
motion of the sub-system of the bolster-frame-wheelsets in detail.
It is not a simple work to ﬁnd the all switch conditions and the calculation of
the corresponding friction forces for the stick-slip motion of the sub-system of the
bolster-frame-wheelsets. Here we will spend more time to discuss it in detail. The
way is same as that we have used in chapter 4. First we rewrite the relative equations
of the sub-system from chapter 7 as
mf v¨f1 = fff1(2) + fsf1(2) + ffwv1 + ffwv2, (D.1)
Ifzψ¨f1 = awb(ffwv1 − ffwv2) + fsf1(5) +Msψbf1, (D.2)
mf v¨f2 = fff2(2) + fsf2(2) + ffwv3 + ffwv4, (D.3)
Ifzψ¨f2 = awb(ffwv3 − ffwv4) + fsf2(5) +Msψbf2, (D.4)
mwu¨w1 = fsw1(1) + ftw1(1)− ffwu1 − ffwu3, (D.5)
mwv¨w1 = fsw1(2) + ftw1(2) + fctw1(2)− ffwv1 − ffwv3, (D.6)
Iwzψ¨w1 = bws(ffwu1 − ffwu3) + fsw1(6) + fgw1(6) + ftw1(6), (D.7)
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mwu¨w2 = fsw2(1) + ftw2(1),−ffwu2 − ffwu4, (D.8)
mwv¨w2 = fsw2(2) + ftw2(2) + fctw2(2)− ffwv2 − ffwv4, (D.9)
Iwzψ¨w2 = bws(ffwu2 − ffwu4) + fsw2(6) + fgw2(6) + ftw2(6), (D.10)




bs2[(ffwu3 + ffwu4)Cψf2 − (ffwu1 + ffwu2)Cψf1]
Mfψob1 +Msfw12 −Msψbf1 −Msψbf2. (D.11)
The relative equations for the truck 2(rear truck) can be rewritten as
mf v¨f3 = fff3(2) + fsf3(2) + ffwv5 + ffwv6, (D.12)
Ifzψ¨f3 = awb(ffwv5 − ffwv6) + fsf3(5) +Msψbf3, (D.13)
mf v¨f4 = fff4(2) + fsf4(2) + ffwv7 + ffwv8, (D.14)
Ifzψ¨f4 = awb(ffwv7 − ffwv8) + fsf4(5) +Msψbf4, (D.15)
mwu¨w3 = fsw3(1) + ftw3(1)− ffwu5 − ffwu7, (D.16)
mwv¨w3 = fsw3(2) + ftw3(2) + fctw3(2)− ffwv5 − ffwv7, (D.17)
Iwzψ¨w3 = bws(ffwu5 − ffwu7) + fsw3(6) + fgw3(6) + ftw3(6), (D.18)
mwu¨w4 = fsw4(1) + ftw4(1)− ffwu6 − ffwu8, (D.19)
mwv¨w4 = fsw4(2) + ftw4(2) + fctw4(2)− ffwv6 − ffwv8, (D.20)
Iwzψ¨w4 = bws(ffwu6 − ffwu8) + fsw4(6) + fgw4(6) + ftw4(6), (D.21)




bs2[(ffwu7 + ffwu8)Cψf4 − (ffwu5 + ffwu6)Cψf3]
Mfψob2 +Msfw34 −Msψbf3 −Msψbf4. (D.22)
In the slip state, the equations (D.1)-(D.22) are independent, so that the the sub-
system has 22 independent degrees of freedom. And all the friction forces assume
their kinetic values for the slip motion. And then the kinematic constraints are (see
chapter 6)
uf1 = −b∗bs2ψb1, (D.23)
uf2 = b∗bs2ψb1, (D.24)
uf3 = −b∗bs2ψb2, (D.25)
uf4 = b∗bs2ψb2. (D.26)
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For the points on the wheelsets at the contact surfaces between the wheelsets and
the side frames we have
uw1r = uw1 − bwsψw1, (D.27)
uw2r = uw2 − bwsψw2, (D.28)
uw1l = uw1 + bwsψw1, (D.29)
uw2l = uw2 + bwsψw2. (D.30)
From the above relations in the stick motion state of the wheelsets and the side
frames we can deduce the following relations
u˙w1 − bwsψ˙w1 = −b∗bs2ψ˙b1, (D.31)
u˙w2 − bwsψ˙w2 = −b∗bs2ψ˙b1, (D.32)
u˙w1 + bwsψ˙w1 = b∗bs2ψ˙b1, (D.33)
u˙w2 + bwsψ˙w2 = b∗bs2ψ˙b1, (D.34)
v˙w1 = v˙f1 + awbψ˙f1, (D.35)
v˙w1 = v˙f2 + awbψ˙f2, (D.36)
v˙w2 = v˙f1 − awbψ˙f1, (D.37)
v˙w2 = v˙f2 − awbψ˙f2. (D.38)
and
u¨w1 − bwsψ¨w1 + b∗bs2ψ¨b1 = 0, (D.39)
v¨w1 − v¨f1 − awbψ¨f1 = 0, (D.40)
u¨w2 − bwsψ¨w2 + b∗bs2ψ¨b1 = 0, (D.41)
v¨w2 − v¨f1 + awbψ¨f1 = 0, (D.42)
u¨w1 + bwsψ¨w1 − b∗bs2ψ¨b1 = 0, (D.43)
v¨w1 − v¨f2 − awbψ¨f2 = 0, (D.44)
u¨w2 + bwsψ¨w2 − b∗bs2ψ¨b1 = 0, (D.45)
v¨w2 − v¨f2 + awbψ¨f2 = 0. (D.46)
In the same way the kinematic constraints for the other bogie can be written as
u˙w3 − bwsψ˙w3 + b∗bs2ψ˙b2 = 0, (D.47)
v˙w3 − v˙f3 − awbψ˙f3 = 0, (D.48)
u˙w4 − bwsψ˙w4 + b∗bs2ψ˙b2 = 0, (D.49)
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v˙w4 − v˙f3 − awbψ˙f3 = 0, (D.50)
u˙w3 + bwsψ˙w3 − b∗bs2ψ˙b2 = 0, (D.51)
v˙w3 − v˙f4 + awbψ˙f4 = 0, (D.52)
u˙w4 + bwsψ˙w4 − b∗bs2ψ¨b2 = 0, (D.53)
v˙w4 − v˙f4 + awbψ˙f4 = 0. (D.54)
and
u¨w3 − bwsψ¨w3 + b∗bs2ψ¨b2 = 0, (D.55)
v¨w3 − v¨f3 − awbψ¨f3 = 0, (D.56)
u¨w4 − bwsψ¨w4 + b∗bs2ψ¨b2 = 0, (D.57)
v¨w4 − v¨f3 − awbψ¨f3 = 0, (D.58)
u¨w3 + bwsψ¨w3 − b∗bs2ψ¨b2 = 0, (D.59)
v¨w3 − v¨f4 + awbψ¨f4 = 0, (D.60)
u¨w4 + bwsψ¨w4 − b∗bs2ψ¨b2 = 0, (D.61)
v¨w4 − v¨f4 + awbψ¨f4 = 0. (D.62)
From these kinematic constraints we can get the following conditions to form the
switch conditions and to determine the acting friction forces. Combining the con-
straints the dynamical equations(D.1)-(D.11) become
1
mw
(−ffwu1 − ffwu3 + fsw1(1) + ftw1(1))−
bws
Iwz
(bws(ffwu1 − ffwu3) + fsw1(6) + fgw1(6) + ftw1(6))+
b∗bs2
Ibmf
(b∗bs2[(ffwu3 + ffwu4)Cψf2 − (ffwu1 + ffwu2)Cψf1]




(−ffwu2 − ffwu4 + fsw2(1) + ftw2(1))−
bws
Iwz
(bws(ffwu2 − ffwu4) + fsw2(6) + fgw2(6) + ftw2(6))+
b∗bs2
Ibmf
(b∗bs2[(ffwu3 + ffwu4)Cψf2 − (ffwu1 + ffwu2)Cψf1]




(−ffwu1 − ffwu3 + fsw1(1) + ftw1(1))+
bws
Iwz
(bws(ffwu1 − ffwu3) + fsw1(6) + fgw1(6) + ftw1(6))−
b∗bs2
Ibmf
(b∗bs2[(ffwu3 + ffwu4)Cψf2 − (ffwu1 + ffwu2)Cψf1]





(−ffwu2 − ffwu4 + fsw2(1) + ftw2(1))+
bws
Iwz
(bws(ffwu2 − ffwu4) + fsw2(6) + fgw2(6) + ftw2(6))−
b∗bs2
Ibmf
(b∗bs2[(ffwu3 + ffwu4)Cψf2 − (ffwu1 + ffwu2)Cψf1]




(−ffwv1 − ffwv3 + fsw1(2) + ftw1(2) + fctw1(2))−
1
mf
(ffwv1 + ffwv2 + fff1(2) + fsf1(2))−
awb
Ifz




(−ffwv2 − ffwv4 + fsw2(2) + ftw2(2) + fctw2(2))−
1
mf
(ffwv1 + ffwv2 + fff1(2) + fsf1(2)+
awb
Ifz




(−ffwv1 − ffwv3 + fsw1(2) + ftw1(2) + fctw1(2))−
1
mf
(ffwv3 + ffwv4 + fff2(2) + fsf2(2)−
awb
Ifz




(−ffwv1 − ffwv3 + fsw2(2) + ftw2(2) + fctw2(2))−
1
mf
(ffwv3 + ffwv4 + fff2(2) + fsf2(2)+
awb
Ifz
(awb(ffwv3 − ffwv4) +Msψbf2 + fsf2(5)) = 0.
(D.70)
where the Ibmf stands for
Ibmf = Ibz + 2mfb∗2bs2. (D.71)
From the above equations we can reach the conclusion: While the stick motion takes
place on the one contact plane then the equivalent input force must be less than or
equal the corresponding equivalent static friction force component such that we have
|fµxs1| ≥ |Fmx1|, |fµxs2| ≥ |Fmx2|, |fµxs3| ≥ |Fmx3|, |fµxs4| ≥ |Fmx4|, (D.72)


































(fsw1(1) + ftw1(1))− bws
Iwz
(fsw1(6) + fgw1(6) + ftw1(6)) +
b∗bs2
Ibmf
(Mfψob1 +Msfw12 −Msψbf1 −Msψbf2), (D.75)































































(fsw2(1) + ftw2(1))− bws
Iwz





























(fsw2(2) + ftw2(2) + fctw2(2))− 1
mf
(fff1(2) + fsf1(2)) +
awb
Ifz

































(fsw1(1) + ftw1(1)) +
bws
Iwz
(fsw1(6) + fgw1(6) + ftw1(6))−
b∗bs2
Ibmf
































































(fsw2(1) + ftw2(1)) +
bws
Iwz



































(Msψbf2 + fsf2(5)). (D.89)








F1µm = [ffwx1 ffwy1 ffwx2 ffwy2 ffwx3 ffwy3 ffwx4 ffwy4]
T (D.91)
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A1b1 =

a11 0 a13 0 a15 0 a17 0
a21 0 a23 0 a25 0 a27 0
a31 0 a33 0 a35 0 a37 0
a41 0 a43 0 a45 0 a47 0
0 a52 0 a54 0 a56 0 0
0 a62 0 a64 0 0 0 a68
0 a72 0 0 0 a76 0 a78











































































































































































































F1m = [Fmx1 Fmx2 Fmx3 Fmx4 Fmy1 Fmy2 Fmy3 Fmy4]
T . (D.93)
In the end the switch conditions can be expressed as the combination of the (D.31)-
(D.38) and
|ffwx1| ≤ |ffwx1s|, |ffwy1| ≤ |ffwy1s|, |ffwx2| ≤ |ffwx2s|,
|ffwy2| ≤ |ffwy2s|, |ffwx3| ≤ |ffwx3s|, |ffwy3| ≤ |ffwy3s|, (D.94)
|ffwx4| ≤ |ffwx4s|, |ffwy4| ≤ |ffwy4s|
where the static friction force components ffwx1s, · · · are determined by the normal
forces, the friction coeﬃcient and the corresponding friction direction angles.











b11 0 b13 0 b15 0 b17 0
b21 0 b23 0 b25 0 b27 0
b31 0 b33 0 b35 0 b37 0
b41 0 b43 0 b45 0 b47 0
0 b52 0 b54 0 b56 0 0
0 b62 0 b64 0 0 0 b68
0 b72 0 0 0 b76 0 b78
0 0 0 b84 0 b86 0 b88

(D.97)








































































































































































































F2m = [Fmx5 Fmx6 Fmx7 Fmx8 Fmy5 Fmy6 Fmy7 Fmy8]
T (D.98)




(fsw3(1) + ftw3(1))− bws
Iwz
(fsw3(6) + fgw3(6) + ftw3(6)) +
b∗bs2
Ibmf














(fsw4(1) + ftw4(1))− bws
Iwz








(fsw4(2) + ftw4(2) + fctw4(2))− 1
mf
(fff3(2) + fsf3(2)) +
awb
Ifz




(fsw3(1) + ftw3(1)) +
bws
Iwz
(fsw3(6) + fgw3(6) + ftw3(6))−
b∗bs2
Ibmf













(fsw4(2) + ftw4(2) + fctw4(2)) +
bws
Iwz









(fsw4(1) + ftw4(1))− 1
mf
(fff4(2) + fsf4(2)) +
awb
Ifz
(Msψbf4 + fsf4(5)). (D.106)
So the switch condition is a combination of the (D.47)-(D.54) and
|ffwx5| ≤ |ffwx5s|, |ffwy5| ≤ |ffwy5s|, |ffwx6| ≤ |ffwx6s|,
|ffwy6| ≤ |ffwy6s|, |ffwx7| ≤ |ffwx7s|, |ffwy7| ≤ |ffwy7s|, (D.107)
|ffwx8| ≤ |ffwx8s|, |ffwy8| ≤ |ffwy8s|.
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The above switch conditions are only used for the case of all the stick motions taking
place on the all four contact surfaces. If some motions between the contact surfaces
are slip motions then the above switch conditions need to be modiﬁed. For example,
if the slip motion takes place on the contact surface between the side frame 1 and











a13 0 a15 0 a17 0
a23 0 a25 0 a27 0
a33 0 a35 0 a37 0
a43 0 a45 0 a47 0
0 a54 0 a56 0 0
0 a64 0 0 0 a68
0 0 0 a76 0 a78
0 a84 0 a86 0 a88

, (D.110)
F1ma = [Fmx1 Fmx2 Fmx3 Fmx4 Fmy1 Fmy2 Fmy3 Fmy4]
T (D.111)























(fsw1(1) + ftw1(1))− bws
Iwz
(fsw1(6) + fgw1(6) + ftw1(6)) +
b∗bs2
Ibmf






































































(fsw1(2) + ftw1(2) + fctw1(2))− bws
Iwz

























(fsw2(2) + ftw2(2) + fctw2(2))− 1
mf
(fff1(2) + fsf1(2)) +
awb
Ifz






























(fsw1(1) + ftw1(1)) +
bws
Iwz
(fsw1(6) + fgw1(6) + ftw1(6))−
b∗bs2
Ibmf







































































(fsw1(2) + ftw1(2) + fctw1(2)) +
bws
Iwz
(fsw2(6) + fgw2(6) +





























(fsw2(2) + ftw2(2) + fctw2(2))− 1
mf
(fff2(2) + fsf2(2)) +
awb
Ifz
(Msψbf2 + fsf2(5)). (D.127)
In this way we can determine the acting friction forces for all combinations of the
stick-slip modes. Then the switch conditions are also determined for the stick mode
by letting the acting friction forces are less than the corresponding static friction
force components.
A p p e n d i x E
The parameters of the
three-piece-freight-truck
Table E.1: Parameters of the Chinese Three-Piece-Freight-Truck C62
Symbols Name Unit Values
mo mass of car body Kg empty car 14600,
loaded car 77000
mb mass of a bolster Kg 470
md mass of a wedge Kg 8
mf mass of a side frame Kg 330
mw mass of a wheelset Kg 1200
Iox inertia of car body around x axis Kg·m2 empty car 2.66× 104,
loaded car 1× 105
Ioy inertia of car body around y axis Kg·m2 empty car 2.66× 105,
loaded car 1.2× 106
Ioz inertia of car body around z axis Kg·m2 empty car 2.84× 105,
loaded car 1.07× 106
Ibx inertia of a bolster around x axis Kg·m2 190
Ibz inertia of a bolster around z axis Kg·m2 190
Ify inertia of a frame around x axis Kg·m2 100
Ifz inertia of a frame around z axis Kg·m2 80
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Symbols Name Unit Values
Iwx inertia of a wheelset around x axis Kg·m2 740
Iwy inertia of a wheelset around y axis Kg·m2 160
Iwz inertia of a wheelset around z axis Kg·m2 740
Kx1 stiﬀnes of the band-stop between a
frame and an adapter in the x direction MN/M 55
Ky1 stiﬀness of the band-stop between a
frame and an adapter in the y direction MN/M 55
Kx2 stiﬀness of the springs of each end
of a bolster in the x direction MN/M 4.14
Ky2 stiﬀness of the springs of each end
of a bolster in the y direction MN/M 4.14
Kz2 stiﬀness of the springs of each end
of a bolster in the z direction MN/M 5.32
Kx3 stiﬀness of the springs of a wedge
in the x direction MN/M 0.6
Ky3 stiﬀness of the springs of a wedge
in the y direction MN/M 0.6
Kz3 stiﬀness of the springs of a wedge
in the z direction MN/M 0.769
Kob stiﬀness of the side support
in the z direction MN/M 10
Kψbf anti-warp stiﬀness MN/rad 1∼2
µsf static friction coeﬃcient between
a frame and an adapter 0.25-0.45
µkf kinetic friction coeﬃcient between
a frame and an adapter 0.2-0.35
µsd static friction coeﬃcient between
a wedge and a side frame 0.25-0.45
µkd kinetic friction coeﬃcient between
a wedge and a side frame 0.2-0.35
µsb static friction coeﬃcient between
a wedge and a bolster 0.25-0.45
µkb kinetic friction coeﬃcient between
a wedge and a bolster 0.2-0.35
µo friction coeﬃcient on the surfac of
the center plate 0.4
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Symbols Name Unit Values
bws distance between the mass center of
a wheelset to the contact point between m 0.97
a side frame and an adapter
b∗bs2 distance between the mass center of
a bolster to the secondary suspension m 0.97
2ab distance between the two mass centers
of the bolsters m 8.7
2awb wheelbase m 1.75
2a∗oc distance between two center plates m 8.7
bos distance between the center plate and
side support m 0.8
ho distance from the car body mass center m empty car 0.68,
to the top of track m loaded car 1.3
hb distance from the bolster mass center
to the top of track m 0.55
hf distance from the frame mass center
to the top of track m 0.5
r roll radius of a wheel m 0.42
ρo radius of a center plate m 0.15
2b gauge m 1.435
2bw inside gauge m 1.353
∆ob clearance between car body and
a side support m 0.003-0.008
∆xf longitudinal clearance between
a side frame and an adpater m 0.003-0.006
∆yf lateral clearance between
a side frame and an adpater m 0.003-0.006
γ angle of a wedge contacting a frame deg. 2.5
φ angle of a wedge contacting a bolster deg. 45
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